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Adiabatic Limit and the Fro¨licher Spectral Sequence
Dan Popovici
Abstract. Motivated by our conjecture of an earlier work predicting the degeneration at the second
page of the Fro¨licher spectral sequence of any compact complex manifold supporting an SKT metric ω
(i.e. such that ∂∂¯ω = 0), we prove degeneration at E2 whenever the manifold admits a Hermitian metric
whose torsion operator τ and its adjoint vanish on ∆′′-harmonic forms of positive degrees up to dimCX.
Besides the pseudo-differential Laplacian inducing a Hodge theory for E2 that we constructed in earlier
work and Demailly’s Bochner-Kodaira-Nakano formula for Hermitian metrics, a key ingredient is a general
formula for the dimensions of the vector spaces featuring in the Fro¨licher spectral sequence in terms of the
asymptotics, as a positive constant h decreases to zero, of the small eigenvalues of a rescaled Laplacian
∆h, introduced here in the present form, that we adapt to the context of a complex structure from the
well-known construction of the adiabatic limit and from the analogous result for Riemannian foliations of
A´lvarez Lo´pez and Kordyukov.
1 Introduction
Let X be a compact complex manifold of dimension n. It is well known that the existence of a
Ka¨hler metric ω on X implies the degeneration at E1 of the Fro¨licher spectral sequence that relates
the complex structure of X (encapsulated in the Dolbeault, i.e. the ∂¯-, cohomology Hp,,q(X, C),
the start page of this spectral sequence) to the differential structure of X (encapsulated in the De
Rham, i.e. the d-, cohomology Hk(X, C), the limiting page of this spectral sequence). However,
since Ka¨hler metrics exist only rarely when n ≥ 3, it is natural to search for weaker metric conditions
on X that ensure a (possibly weaker) degeneration property of the algebro-geometric object that is
the Fro¨licher spectral sequence of X . The best we can hope for in the non-Ka¨hler context is the
degeneration at the second page. To this end, we proposed the following conjecture in [Pop16]:
Conjecture 1.1. If a compact complex manifold X admits an SKT metric ω (i.e. a Hermitian
metric ω such that ∂∂¯ω = 0), the Fro¨licher spectral sequence of X degenerates at E2.
There is evidence that this ought to be true. The statement holds true on all the examples of
compact complex manifolds that we are aware of, namely all the 3-dimensional nilmanifolds, the
3-dimensional solvmanifolds that are currently classified, the Calabi-Eckmann manifold S3 × S3,
etc. In [Pop16], we proved this statement under the extra assumption that the SKT metric ω
which is supposed to exist has a small torsion in the sense that the upper bound of its torsion
operator of type (0, 0) (defined in a precise way) does not exceed a third of the spectral gap of
the elliptic, self-adjoint and non-negative, differential operator ∆′ +∆′′ in every bidegree (p, q). As
usual, ∆′ = ∆′ω = ∂∂
⋆
ω + ∂
⋆
ω∂ and ∆
′′ = ∆′′ω = ∂¯∂¯
⋆
ω + ∂¯
⋆
ω∂¯ are the ∂-, resp. ∂¯-Laplacians on smooth
differential forms on X .
While Conjecture 1.1 remains elusive at the moment, we give in this paper a different sufficient
metric condition for degeneration at E2 that does not assume the fixed Hermitian metric ω to be
SKT. As usual (see e.g. [Dem84] or [Dem97, VII, §.1]), we consider the torsion operator τ = τω :=
[Λω, ∂ω ∧ ·] of type (1, 0) defined on smooth differential forms on X , where Λω is the adjoint of
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the multiplication by ω w.r.t. the inner product defined by ω, while [A, B] = AB − (−1)abBA is
the graded commutator of any two endomorphisms A,B of respective degrees a, b of the bi-graded
algebra C∞•, • of smooth differential forms on X . Specifically, we prove
Theorem 1.2. Let (X, ω) be a compact Hermitian manifold with dimCX = n such that the inclusion
of kernels
ker∆′′ ⊂ ker [τ, τ ⋆] (1)
holds for the operators ∆′′, [τ, τ ⋆] : C∞k (X, C) −→ C∞k (X, C) in every degree k ∈ {1, . . . , n}.
Then, the Fro¨licher spectral sequence of X degenerates at the second page E2.
Hypothesis (1) is of a qualitative nature and it is comparatively easy to check on concrete
examples of compact Hermitian manifolds (X, ω) whether it holds or not. For example, S3 × S3
equipped with the Calabi-Eckmann complex structure and the Iwasawa manifold do not satisfy it
when they are given the natural non-Ka¨hler metrics (easy verifications that are left to the reader).
Intuitively, (1) requires the torsion of ω to be “small” since, for non-negative operators, the smaller
one has a larger kernel. (We will use throughout the paper the usual order relation for linear
operators A,B: A ≥ B will mean that 〈〈Au, u〉〉 ≥ 〈〈Bu, u〉〉 for all forms u, where 〈〈 , 〉〉 stands
for the L2 inner product induced by the fixed Hermitian metric ω on X .) Hypothesis (1) is obviously
satisfied if ω is Ka¨hler since τ = 0 in that case. We do not know whether there exist compact complex
non-Ka¨hler manifolds that satisfy hypothesis (1).
Inspired by the extensive literature on the adiabatic limit associated with a Riemannian foliation
(see e.g. [Wi85], [MM90], [For95], [ALK00] and the references therein), we adapt that construction
to the case of the splitting d = ∂ + ∂¯ defining the complex structure of X . Thus, for every constant
h > 0 that is eventually let to converge to 0, we define in section §.2 two rescalings of the usual d-
Laplacian ∆ = dd⋆+d⋆d acting on the smooth differential forms on an arbitrary compact Hermitian
manifold (X, ω):
∆h := dhd
⋆
h + d
⋆
hdh,
where dh := h∂ + ∂¯ modifies d by rescaling ∂ while keeping ∂¯ fixed, but its formal adjoint d
⋆
h is
computed w.r.t. the given Hermitian metric ω, and
∆ωh := dd
⋆
ωh
+ d⋆ωhd,
where d = ∂+ ∂¯ is kept unchanged, but its formal adjoint d⋆ωh is computed w.r.t. a rescaled metric
ωh that modifies the original ω by multiplying the pointwise inner product of (p, q)-forms by h
2p. So,
the anti-holomorphic degree q of (p, q)-forms does not contribute to the definition of ωh. Although
strongly inspired by the adiabatic limit construction in the presence of a Riemannian foliation, this
partial rescaling of a Hermitian metric seems to be new and to hold further promise for the future.
In section §.2, we study these two rescaled Laplacians and the relationships between them.
As in the foliated case of [ALK00], ∆h and ∆ωh are seen to have the same spectrum and to have
eigenspaces that are obtained from each other via a rescaling isometry.
A key ingredient in the proof of Theorem 1.2 is the following formula for the dimensions of
the vector spaces featuring on each page of the Fro¨licher spectral sequence of X in terms of the
number of small eigenvalues of the rescaled Laplacian ∆h (or, equivalently, ∆ωh). “Small” refers to
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the eigenvalues’ decay rate to zero as h ↓ 0. This result and its proof are strongly inspired by the
analogous result for foliations proved by A´lvarez Lo´pez and Kordyukov in [ALK00]. However, to
our knowledge, this particular form of the result in the context of the Fro¨licher spectral sequence
seems new and is of independent interest.
Theorem 1.3. Let (X, ω) be a compact Hermitian manifold with dimCX = n. For every r ∈ N⋆
and every k = 0, . . . , 2n, the following identity holds:
dimCE
k
r = ♯{i | λki (h) ∈ O(h2r) as h ↓ 0}, (2)
where Ekr := ⊕p+q=kEp, qr is the direct sum of the spaces of total degree k on the rth page of the
Fro¨licher spectral sequence of X, while 0 ≤ λk1(h) ≤ λk2(h) ≤ · · · ≤ λki (h) ≤ . . . are the eigenvalues,
counted with multiplicities, of the rescaled Laplacian ∆h : C
∞
k (X, C) −→ C∞k (X, C) (= those of
∆ωh : C
∞
k (X, C) −→ C∞k (X, C)) acting on k-forms. As usual, ♯ stands for the cardinal of a set.
The proof of this statement proceeds along the lines of the one given in [ALK00] for the analogous
statement in the foliated case with some simplifications, adjustments and inevitable differences in
detail. We spell it out in section §.4. In the proof of Theorem 1.3, we also use our pseudo-differential
Laplacian ∆˜ = ∂p′′∂⋆ + ∂⋆p′′∂ + ∆′′ : C∞p, q(X, C) −→ C∞p, q(X, C) (where p′′ is the orthogonal
projection onto ker∆′′) constructed in every bidegree (p, q) in [Pop16] and shown there to induce a
Hodge isomorphism between its kernel and the space Ep, q2 of bidegree (p, q) featuring on the second
page of the Fro¨licher spectral sequence.
Along with Theorem 1.3 and the pseudo-differential Laplacian ∆˜, the third main ingredient in
the proof of Theorem 1.2 is the following formula of the Bochner-Kodaira-Nakano type for Hermitian
(not necessarily Ka¨hler) metrics ω established by Demailly in [Dem84] (see also [Dem97, VII, §.1):
∆′′ = ∆′τ + [Λ, [Λ,
i
2
∂∂¯ω]]− [∂ω ∧ ·, (∂ω ∧ ·)⋆], (3)
where [•, •] is the usual graded commutator (see e.g. Notation 1.4 below), Λ = Λω is the adjoint
of the multiplication operator ω ∧ ·, τ = τω := [Λ, ∂ω ∧ ·] is the torsion operator of ω and ∆′τ :=
[∂ + τ, (∂ + τ)⋆]. This formula enables us to compare various Laplacians and finish the proof of
Theorem 1.2 in section §.6.
This paper owes much to the ideas and techniques in our main source of inspiration [ALK00] and
to the treatment given to the Leray spectral sequence in [MM90] and [For95], although the setting
and the objectives are different.
In the Appendix, we give an estimate of the discrepancy between the Laplacians ∆′ and ∆′′
under the SKT assumption on the metric ω (cf. Lemma 7.1). This is of independent interest and
leads to the lower bound −Ch2 for the operator ∆h − h2∆ for all 0 < h < 1 when ω is SKT, where
C ≥ 0 is a constant independent of h that can be chosen to be any upper bound of the non-negative
bounded torsion operator [τ¯ , τ¯ ⋆] (cf. Lemma 7.2). In view of Theorem 1.3 and some minor extra
arguments, if the lower bound −Ch2 could be improved to 0, Conjecture 1.1 would be solved, but
at the moment we are unfortunately short of arguments to perform this improvement.
Notation 1.4. For a given Hermitian metric ω on a given compact complex manifold X , 〈〈 , 〉〉 =
〈〈 , 〉〉ω will stand for the L2 inner product defined by ω on the spaces C∞p, q(X, C) (resp. C∞k (X, C))
of smooth differential (p, q)-forms (resp. k-forms) on X , while || || = || ||ω will denote the corre-
sponding L2-norm. For self-adjoint linear operators A,B on the bi-graded algebra ⊕p, qC∞p, q(X, C),
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by A ≥ B we shall mean (as is the standard convention) that 〈〈Au, u〉〉 ≥ 〈〈Bu, u〉〉 for every
form u lying in the space on which A and B are defined. We shall also use the usual bracket
[A, B] := AB − (−1)abBA for graded linear operators A,B of respective degrees a, b on the algebra
⊕kΛkT ⋆X of differential forms on X .
Acknowledgments. The author wishes to thank L. Ugarte for useful discussions about the content
of this paper and for suggestions for section 5. Thanks are also due to S. Rao and Q. Zhao for
stimulating discussions.
2 Rescaled Laplacians
Let X be a compact complex manifold with dimCX = n. We fix a Hermitian metric ω on X .
2.1 Rescaling the metric
The first operation we will consider is a partial rescaling of ω in a way that depends solely on the
holomorphic degree of forms.
Definition 2.1. For all p, q ∈ {0, . . . , n}, all (p, q)-forms u, v and every constant h > 0, we define
the following pointwise inner product
〈u, v〉ωh := h2p 〈u, v〉ω
where 〈, 〉ω stands for the pointwise inner product defined by the original Hermitian metric ω.
Note that, for every h > 0, we obtain in this way a Hermitian metric ωh on every vector bundle
Λp, qT ⋆X of (p, q)-forms on X . The maps
θh : Λ
p, qT ⋆X −→ Λp, qT ⋆X, u 7→ θhu := hpu,
induce an isometry of Hermitian vector bundles θh : (ΛT
⋆X, ωh) −→ (ΛT ⋆X, ω) since
〈u, v〉ωh = 〈hpu, hpv〉ω = 〈θhu, θhv〉ω for all u, v ∈ Λp, qT ⋆X.
In particular, we have defined a Hermitian metric
ωh =
1
h2
ω, h > 0,
on the holomorphic tangent bundle T 1, 0X of vector fields of type (1, 0), or equivalently, a rescaled
C∞ positive-definite (1, 1)-form ωh = h
−2 ω on X . This induces a C∞ positive volume form
dVωh :=
ωnh
n!
=
1
h2n
ωn
n!
=
1
h2n
dVω
on X , which in turn gives rise, in conjunction with the above pointwise inner product 〈 , 〉ωh, to the
following L2 inner product
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〈〈u, v〉〉ωh :=
∫
X
〈u, v〉ωh dVωh =
1
h2n
∫
X
〈θhu, θhv〉ω dVω = 1
h2n
〈〈θhu, θhv〉〉ω
for all forms u, v ∈ C∞p, q(X, C) and all bidegrees (p, q).
Formula 2.2. For all (p, q)-forms u, v, we have
〈〈u, v〉〉ωh =
1
h2(n−p)
〈〈u, v〉〉ω, hence ||u||ωh = h−(n−p) ||u||ω.
Proof. The formula follows at once from the last identity and from the fact that θhu = h
pu for all
(p, q)-forms u. 
Definition 2.3. Let (X, ω) be a compact Hermitian manifold with dimCX = n. For every k =
0, . . . , 2n and every constant h > 0, we consider the d-Laplacian w.r.t. the rescaled metric ωh
acting on C∞ k-forms on X:
∆ωh : C
∞
k (X, C) −→ C∞k (X, C), ∆ωh := dd⋆ωh + d⋆ωhd,
where d⋆ωh is the formal adjoint of d w.r.t. 〈〈 , 〉〉ωh and 〈〈 , 〉〉ωh has been extended from the spaces
C∞p, q(X, C) to C
∞
k (X, C) = ⊕p+q=kC∞p, q(X, C) by sesquilinearity and by imposing that 〈〈u, v〉〉ωh = 0
whenever u ∈ C∞p, q(X, C) and v ∈ C∞r, s(X, C) with (p, q) 6= (r, s).
2.2 Rescaling the differential
The second operation we will consider is a partial rescaling of d = ∂ + ∂¯ that applies solely to its
component of type (1, 0).
Definition 2.4. Let X be a compact complex manifold, dimCX = n. For every constant h > 0, let
dh := h∂ + ∂¯ : C
∞
k (X, C) −→ C∞k+1(X, C), k ∈ {0, . . . , 2n}.
Some basic properties of the rescaled differential dh are summed up in the following
Lemma 2.5. (i) The operators d and dh are related by the identity
dh = θhdθ
−1
h .
(ii) d2h = 0 and the d- and dh-cohomologies are related by the isomorphism
Hkd (X, C)
≃−→ Hkdh(X, C), {u}d 7→ {θhu}dh
where Hkd (X, C) = H
k
DR(X, C) are the usual De Rham cohomology groups, while H
k
dh
(X, C) :=
ker(dh : C
∞
k (X, C) −→ C∞k+1(X, C))/Im (dh : C∞k−1(X, C) −→ C∞k (X, C)) are the dh-cohomology
groups.
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Proof. (i) If u is a (p, q)-form, we have
(θhdθ
−1
h )(u) = θhd(h
−pu) = h−pθh(∂u) + h
−pθh(∂¯u) = h
−php+1∂u+ h−php∂¯u = h∂u + ∂¯u = dhu.
Thus, dh = θhdθ
−1
h on pure-type forms, so this identity extends to arbitrary forms by linearity.
(ii) On the one hand, d2h = θhd
2θ−1h = 0; on the other hand,
dh(θhu) = θhdu, so we have the equivalence: θhu ∈ ker(dh) ⇐⇒ u ∈ ker d;
θhu = dhv iff u = d(θ
−1
h v), so we have the equivalence: θhu ∈ Im (dh) ⇐⇒ u ∈ Im d.
These equivalences show that the linear map Hkd (X, C) ∋ {u}d 7→ {θhu}dh ∈ Hkdh(X, C) is well
defined and bijective. 
In particular, the spectral sequences induced by the pairs of differentials (∂, ∂¯) and (h∂, ∂¯) are
isomorphic, so degenerate at the same page. The first of them is the Fro¨licher spectral sequence of
X .
Definition 2.6. Let (X, ω) be a compact Hermitian manifold with dimCX = n. For every constant
h > 0 and every degree k ∈ {0, . . . , 2n}, we consider the dh-Laplacian w.r.t. the given metric
ω acting on C∞ k-forms on X:
∆h : C
∞
k (X, C) −→ C∞k (X, C), ∆h := dhd⋆h + d⋆hdh,
where d⋆h is the formal adjoint of dh w.r.t. the L
2 inner product induced by ω.
2.3 Comparison of the two rescaled Laplacians
We now bring together the above two operations by comparing the corresponding Laplace-type
operators. Note that ∆ωh was defined by the rescaled differential dh and the original metric ω, while
∆h was induced by the rescaled metric ωh and the original differential d.
Lemma 2.7. (i) If θ⋆h and d
⋆
h stand for the formal adjoints of θh, resp. dh, w.r.t. the pointwise,
resp. L2, inner product induced by ω, we have
θ⋆h = θh and d
⋆
h = θ
−1
h d
⋆θh.
(ii) The adjoints ∂⋆ωh, ∂¯
⋆
ωh
w.r.t. to the metric ωh, as well as the adjoints ∂
⋆
ω = ∂
⋆, ∂¯⋆ω = ∂¯
⋆ w.r.t. to
the metric ω, of ∂, resp. ∂¯ are related by the formulae:
∂⋆ωh = h
2∂⋆ and ∂¯⋆ωh = ∂¯
⋆.
Consequently, we get
∆ωh = h
2∆′ +∆′′ + [∂, ∂¯⋆] + h2[∂¯, ∂⋆]
= h2∆′ +∆′′ − [∂, τ¯ ⋆]− h2[τ¯ , ∂⋆] = h2∆′ +∆′′ − [τ, ∂¯⋆]− h2[∂¯, τ ⋆],
and
∆h = h
2∆′ +∆′′ + h[∂, ∂¯⋆] + h[∂¯, ∂⋆]
= h2∆′ +∆′′ − h[∂, τ¯ ⋆]− h[τ¯ , ∂⋆] = h2∆′ +∆′′ − h[τ, ∂¯⋆]− h[∂¯, τ ⋆],
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where the adjoints ∂⋆, ∂¯⋆, τ ⋆, τ¯ ⋆ and the Laplacians ∆′,∆′′ are computed w.r.t. the metric ω, while
τ = τω := [Λω, ∂ω ∧ ·] : C∞p, q(X, C) −→ C∞p+1, q(X, C)
is the torsion operator (of type (1, 0) and order zero, acting on smooth forms of any bidegree
(p, q), where Λω is the adjoint of the multiplication operator ω ∧ ·) associated with the metric ω as
defined in [Dem84] (see also [Dem97, V II, §.1]).
In particular, the second-order Laplacians ∆ωh and ∆h are elliptic since the second-order Lapla-
cians ∆′ and ∆′′ are and the deviation terms −[∂, τ¯ ⋆]− h2[τ¯ , ∂⋆] and −h[∂, τ¯ ⋆]− h[τ¯ , ∂⋆] are only
of order 1.
Note that 〈〈[∂, ∂¯⋆]u, u〉〉 = 〈〈[∂¯, ∂⋆]u, u〉〉 = 0 whenever the form u is of pure type and whatever
metric is used to define 〈〈 , 〉〉 (because pure-type forms of different bidegrees are orthogonal w.r.t.
any metric), so
〈〈∆ωhu, u〉〉 = 〈〈∆hu, u〉〉 = h2 〈〈∆′u, u〉〉+ 〈〈∆′′u, u〉〉 for every pure-type form u. (4)
(This fails, in general, if u is not of pure type, unless the metric ω is Ka¨hler.)
(iii) The rescaled Laplacians ∆ωh and ∆h are related by the formula
∆h = θh∆ωhθ
−1
h . (5)
Proof. (i) For any k-forms u =
∑
p+q=k
up, q and v =
∑
p+q=k
vp, q, we have
〈θhu, v〉ω =
∑
p+q=k
〈hpup, q, vp, q〉ω =
∑
p+q=k
〈up, q, hpvp, q〉ω = 〈u, θhv〉ω, so θ⋆h = θh.
The second identity in (i) follows by taking conjugates in dh = θhdθ
−1
h .
(ii) For any forms α ∈ C∞p−1, q(X, C) and β ∈ C∞p, q(X, C), we have
〈〈α, ∂⋆ωβ〉〉ω = 〈〈∂α, β〉〉ω =
∫
X
〈∂α, β〉ω dVω =
∫
X
1
h2p
〈∂α, β〉ωh h2ndVωh = h2(n−p) 〈〈∂α, β〉〉ωh
= h2(n−p) 〈〈α, ∂⋆ωhβ〉〉ωh = h2(n−p)
∫
X
h2(p−1) 〈α, ∂⋆ωhβ〉ω
1
h2n
dVω =
1
h2
〈〈α, ∂⋆ωhβ〉〉ω.
We get ∂⋆ω = h
−2 ∂⋆ωh , which is the first identity under (ii).
The identity ∂¯⋆ωh = ∂¯
⋆
ω is proved in the same way by using the fact that ∂¯ acts only on the
anti-holomorphic degree of forms which is unaffected by the change of metric from ω to ωh.
Using these formulae, we get
∆ωh = [∂ + ∂¯, ∂
⋆
ωh
+ ∂¯⋆ωh ] = [∂, h
2∂⋆] + [∂¯, ∂¯⋆] + [∂, ∂¯⋆] + [∂¯, h2∂⋆]
= h2∆′ +∆′′ + [∂, ∂¯⋆] + h2[∂¯, ∂⋆]
and
∆h = [h∂ + ∂¯, h∂
⋆ + ∂¯⋆] = h2[∂, ∂⋆] + [∂¯, ∂¯⋆] + h[∂, ∂¯⋆] + h[∂¯, ∂⋆]
= h2∆′ +∆′′ + h[∂, ∂¯⋆] + h[∂¯, ∂⋆].
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On the other hand, we know from [Dem84] (or [Dem97, VII, §.1]) that
[∂, ∂¯⋆] = −[∂, τ¯ ⋆] = −[τ, ∂¯⋆] and, by conjugation, we get [∂¯, ∂⋆] = −[∂¯, τ ⋆] = −[τ¯ , ∂⋆].
So, the terms measuring the deviations of ∆ωh and ∆h from h
2∆′ + ∆′′ are of order 1 and we get
the alternative formulae for ∆ωh and ∆h spelt out in the statement.
(iii) For any smooth (p, q)-form α, we have
(θh∆ωhθ
−1
h )α =
1
hp
θh∆ωhα =
1
hp
θh(h
2∆′α) +
1
hp
θh(∆
′′α) +
1
hp
θh([∂, ∂¯
⋆]α) +
1
hp
θh(h
2[∂¯, ∂⋆]α)
=
h2hp
hp
∆′α +
hp
hp
∆′′α +
hp+1
hp
[∂, ∂¯⋆]α +
h2hp−1
hp
[∂¯, ∂⋆]α
= h2∆′α +∆′′α + h[∂, ∂¯⋆]α + h[∂¯, ∂⋆]α = ∆hα.
Thus, θh∆ωhθ
−1
h = ∆h on pure-type forms and this identity extends to arbitrary forms by linearity.

Corollary 2.8. Let (X, ω) be a compact Hermitian manifold with dimCX = n. For every con-
stant h > 0 and every degree k ∈ {0, . . . , 2n}, the spectra of the rescaled Laplacians ∆h,∆ωh :
C∞k (X, C) −→ C∞k (X, C) coincide, i.e.
Spec(∆h) = Spec(∆ωh), (6)
and their respective eigenspaces are obtained from each other via the rescaling isometry θh:
θh(E∆ωh (λ)) = E∆h(λ) for every λ ∈ Spec(∆h) = Spec(∆ωh), (7)
where E∆ωh (λ), resp. E∆h(λ), stands for the eigenspace corresponding to the eigenvalue λ of the
operator ∆ωh, resp. ∆h.
Thus, ∆h and ∆ωh have the same eigenvalues with the same multiplicities.
Proof. Let λ ∈ Spec(∆ωh) and let α ∈ E∆ωh (λ) ⊂ C∞k (X, C). So ∆ωhα = λα, hence
∆h(θhα) = (θh∆ωhθ
−1
h )(θhα) = θh(λα) = λ(θhα).
Thus, λ ∈ Spec(∆h) and θhα ∈ E∆h(λ). These implications also hold in reverse order, so we get the
equivalences:
λ ∈ Spec(∆h) ⇐⇒ λ ∈ Spec(∆ωh) and α ∈ E∆ωh (λ) ⇐⇒ θhα ∈ E∆h(λ).
These equivalences amount to (6) and (7). 
Another consequence of the above discussion is a Hodge Theory for the dh-cohomology and the
resulting equidimensionality of the kernels of ∆ and ∆h in every degree.
Corollary 2.9. Let (X, ω) be a compact Hermitian manifold with dimCX = n. For every constant
h > 0 and every degree k ∈ {0, . . . , 2n}, the operator dh : C∞k (X, C) −→ C∞k (X, C) induces the
following L2ω-orthogonal direct-sum decomposition:
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C∞k (X, C) = Hk∆h(X, C)⊕ Im dh ⊕ Im d⋆h,
where Hk∆h(X, C) is the kernel of ∆h : C∞k (X, C) −→ C∞k (X, C) and ker dh = Hk∆h(X, C)⊕ Im dh.
The vector space Hk∆h(X, C) is finite-dimensional, while Im dh and Im d⋆h are closed subspaces of
C∞k (X, C).
This, in turn, induces the Hodge isomorphism
Hk∆h(X, C) ≃ Hkdh(X, C), α 7→ {α}dh.
Since Hkd (X, C) and H
k
dh
(X, C) are isomorphic (via θh, see Lemma 2.5) and Hk∆(X, C) ≃
Hkd (X, C) (by standard Hodge theory), we infer that Hk∆(X, C) and Hk∆h(X, C) are isomorphic
(although the isomorphism need not be defined by θh). In particular,
dimHk∆h(X, C) = dimHk∆(X, C) for all h > 0.
Proof. Since X is compact and ∆h is elliptic and self-adjoint, a standard consequence of Ga˚rding’s
inequality (see e.g. [Dem97, VI]) yields the two-space orthogonal decomposition C∞k (X, C) =
Hk∆h(X, C) ⊕ Im∆h, while this, together with the integrability property d2h = 0, further induces
the orthogonal splitting Im∆h = Im dh ⊕ Im d⋆h. The same consequence of Ga˚rding’s inequality
ensures that ker∆h is finite-dimensional and that the images in C
∞
k (X, C) of dh and d
⋆
h are closed.

3 The differentials in the Fro¨licher spectral sequence
We begin by recalling the well-known construction of the Fro¨licher spectral sequence in order to fix
the notation and to point out the key features for us.
Let X be a compact complex manifold with dimCX = n. Recall that the zero-th page E0 of
the Fro¨licher spectral sequence of X consists of the spaces Ep, q0 := C
∞
p, q(X, C) of smooth pure-type
forms on X and of the type-(0, 1) differentials d0 := ∂¯ forming the Dolbeault complex:
· · · d0−→ Ep, q−10 d0−→ Ep, q0 d0−→ Ep, q+10 d0−→ . . . .
Thus, in every bidegree (p, q), the inclusions Im dp, q−10 ⊂ ker dp, q0 ⊂ Ep, q0 induce (infinitely many,
non-canonical) isomorphisms
C∞p, q(X, C) ≃ Im dp, q−10 ⊕ Ep, q1 ⊕ (Ep, q0 / ker dp, q0 ), (8)
where d0 = d
p, q
0 : E
p, q
0 −→ Ep, q+10 is the differential d0 acting in bidegree (p, q) and the Ep, q1 :=
ker dp, q0 /Im d
p, q−1
0 = H
p, q
∂¯
(X, C) are the Dolbeault cohomology groups of X .
The first page E1 of the Fro¨licher spectral sequence consists of the spaces E
p, q
1 (i.e. the cohomol-
ogy of the zero-th page) and of the type-(1, 0) differentials d1:
· · · d1−→ Ep−1, q1 d1−→ Ep, q1 d1−→ Ep+1, q1 d1−→ . . . .
induced in cohomology by ∂ (i.e. d1([α]∂¯) := [∂α]∂¯). Thus, in every bidegree (p, q), the inclusions
Im dp−1, q1 ⊂ ker dp, q1 ⊂ Ep, q1 induce (infinitely many, non-canonical) isomorphisms
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Ep, q1 ≃ Im dp−1, q1 ⊕Ep, q2 ⊕ (Ep, q1 / ker dp, q1 ), (9)
where dp, q1 is d1 acting in bidegree (p, q), while the spaces E
p, q
2 := ker d
p, q
1 /Im d
p−1, q
1 form the
cohomology of the page E1.
The remaining pages are constructed inductively: the differentials dr = d
p, q
r : E
p, q
r −→ Ep+r, q−r+1r
are of type (r, −r + 1) for every r, while the spaces Ep, qr := ker dp, qr−1/Im dp−r+1, q+r−2r−1 on the rth
page are defined as the cohomology of the previous page Er−1. On every page Er and in every
bidegree (p, q), the inclusions Im dp−r, q+r−1r ⊂ ker dp, qr ⊂ Ep, qr induce (infinitely many, non-canonical)
isomorphisms
Ep, qr ≃ Im dp−r, q+r−1r ⊕Ep, qr+1 ⊕ (Ep, qr / ker dp, qr ), (10)
where Ep, qr+1 := ker d
p, q
r /Im d
p−r, q+r−1
r .
It is worth stressing that (8), (9) and (10) only assert that the vector spaces on either side of ≃
are isomorphic, but no choice of preferred isomorphism is possible at this stage.
A classical result of Fro¨licher [Fro55] asserts that this spectral sequence converges to the De
Rham cohomology of X and degenerates after finitely many steps. This means that there are (non-
canonical) isomorphisms:
HkDR(X, C) ≃
⊕
p+q=k
Ep, q∞ , k = 0, . . . , 2n, (11)
where Ep, q∞ = · · · = Ep, qN+2 = Ep, qN+1 = Ep, qN for all p, q and where N ≥ 1 is the positive integer such
that the spectral sequence degenerates at EN .
3.1 Identification of the dr’s with restrictions of d
Summing up (8), (9), (10) over r = 0, . . . , N−1, we get (infinitely many, non-canonical) isomorphisms
C∞p, q(X, C) ≃
N−1⊕
r=0
Im dp−r, q+r−1r ⊕ Ep, q∞ ⊕
N−1⊕
r=0
(Ep, qr / ker d
p, q
r )
for every bidegree (p, q). Note that the isomorphisms (8), (9), (10) identify the spaces Im dp−r, q+r−1r ,
Ep, qr (including for r =∞) and Ep, qr / ker dp, qr with certain subspaces of C∞p, q(X, C). However, these
subspaces have not been specified yet since multiple choices (and no canonical choice) are possible
for the isomorphisms (8), (9), (10). These choices can only be made unique once a Hermitian metric
has been fixed on X . (See §.3.2.)
Now, since C∞k (X, C) = ⊕p+q=kC∞p, q(X, C) for all k = 0, . . . , 2n, we get
C∞k (X, C) ≃
d

⊕
0≤r≤N−1
p+q=k
Im dp−r, q+r−1r ⊕
⊕
p+q=k
Ep, q∞ ⊕
⊕
0≤r≤N−1
p+q=k
(Ep, qr / ker d
p, q
r )
C∞k+1(X, C) ≃
⊕
0≤r≤N−1
p+q=k
Im dp, qr ⊕
⊕
p′+q′=k+1
Ep
′, q′
∞ ⊕
⊕
0≤r≤N−1
p+q=k
(Ep+r, q−r+1r / ker d
p+r, q−r+1
r ).
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Thus, under these isomorphisms, the operator d = d(k) : C∞k (X, C) −→ C∞k+1(X, C) identifies as
d(k) ≃
⊕
0≤r≤N−1
p+q=k
dp, qr , (12)
where the isomorphism dp, qr : E
p, q
r / ker d
p, q
r −→ Im dp, qr is the restriction of dr = dp, qr : Ep, qr −→
Ep+r, q−r+1r to the third piece on the r.h.s. of (10). The fact that dr is of type (r, −r+ 1) will play a
key role in the sequel.
On the other hand, summing up the splittings of C∞p, q(X, C) over p ≥ s for any given s, we get
Aks :=
⊕
p≥s
p+q=k
C∞p, q(X, C) ≃
⊕
p≥s
p+q=k
[ N−1⊕
r=0
Im dp−r, q+r−1r ⊕Ep, q∞ ⊕
N−1⊕
r=0
(Ep, qr / ker d
p, q
r )
]
.
Lemma 3.1. (i) For every r and every k, let Ekr :=
⊕
p+q=k
Ep, qr . Then
dimEkr =
∑
p+q=k
dimEp, qr = bk +m
k−1
r +m
k
r , 0 ≤ r ≤ N, 0 ≤ k ≤ 2n, (13)
where we set mkr :=
∑
l≥r
∑
p+q=k
dim (Ep, ql / ker d
p, q
l ).
(ii) For every r and every k, let Lp, qr :=
⊕
l≥r
(Ep, ql / ker d
p, q
l ) and L
k
r :=
⊕
p+q=k
Lp, qr . Then, dimL
k
r =
mkr (obvious) and, under the identifications defined by the isomorphisms (8), (9), (10), the following
inclusions hold:
d(Lp, qr ) ⊂ Ap+q+1p+r , 0 ≤ r ≤ N, 0 ≤ p, q ≤ n, (14)
where d(Lp, qr ) := ⊕l≥rdp, ql (Ep, ql / ker dp, ql ) in keeping with identification (12).
Proof. (i) For every fixed r, summing up the splittings (10) with l in place of r over l ≥ r and then
summing up over p+ q = k for every fixed k, we get
Ekr ≃
⊕
p+q=k
Ep, q∞ ⊕
⊕
l≥r
⊕
p+q=k
Im dp−l, q+l−1l ⊕
⊕
l≥r
⊕
p+q=k
(Ep, ql / ker d
p, q
l ).
Since Im dp−l, q+l−1l ≃ Ep−l, q+l−1l / ker dp−l, q+l−1l for all p, q, l, if we set p′ := p− l and q′ := q + l − 1,
we have p′ + q′ = k − 1 when p + q = k and the above isomorphism translates to
Ekr ≃
⊕
p+q=k
Ep, q∞ ⊕
⊕
l≥r
⊕
p′+q′=k−1
(Ep
′, q′
l / ker d
p′, q′
l )⊕
⊕
l≥r
⊕
p+q=k
(Ep, ql / ker d
p, q
l )
for every k. Now, dim ⊕p+q=k Ep, q∞ = bk (the kth Betti number of X) thanks to (11), so taking
dimensions in the above isomorphism, we get (13).
(ii) Since dp, ql : E
p, q
l / ker d
p, q
l −→ Im dp, ql is an isomorphism of type (l, −l + 1) for all l, p, q, we
get for all l ≥ r:
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d(Lp, qr ) =
⊕
l≥r
dp, ql (E
p, q
l / ker d
p, q
l ) and d
p, q
l (E
p, q
l / ker d
p, q
l ) ⊂ Ep+l, q−l+1l ⊂ C∞p+l, q−l+1 ⊂ Ap+q+1p+r
under the identification of each space Ep+l, q−l+1l with a subspace of C
∞
p+l, q−l+1 defined by the iso-
morphisms (8), (9), (10). This proves (14). 
3.2 Explicit description of the above identifications
We take this opportunity to point out an explicit description of the differentials dr in cohomology
and of their unique realisations induced by a given Hermitian metric on X .
Lemma 3.2. Let X be a compact complex manifold with dimCX = n.
(i) For every r and every bidegree (p, q), the vector space of type (p, q) featuring on the rth
page of the Fro¨licher spectral sequence of X can be explicitly described as the following set of multi-
cohomology classes (i.e. each of these is the dr−1-class of a dr−2-class . . . of a d1-class of a ∂¯-class):
Ep, qr = {[. . . [[α]∂¯ ]d1 . . . ]dr−1 | α ∈ C∞p, q(X, C) such that α satisfies condition (Pr)}, (15)
where condition (Pr) on α requires the existence of forms ul ∈ C∞p+l, q−l(X, C) for l ∈ {1, . . . , r − 1}
such that
∂¯α = 0, ∂α = ∂¯u1, ∂u1 = ∂¯u2, . . . , ∂ur−2 = ∂¯ur−1. (16)
(ii) For every r and every bidegree (p, q), the differential dr = d
p, q
r : E
p, q
r −→ Ep+r, q−r+1r
featuring on the rth page of the Fro¨licher spectral sequence of X is explicitly described as
dr
(
[. . . [[α]∂¯]d1 . . . ]dr−1
)
= [. . . [[∂ur−1]∂¯]d1 . . . ]dr−1 , (17)
for every [. . . [[α]∂¯]d1 . . . ]dr−1 ∈ Ep, qr . Moreover, this description of dr is independent of the choice of
forms ul ∈ C∞p+l, q−l(X, C) in (16) (which are unique only modulo ker ∂¯).
Proof. These facts are well-known (cf. [CFGU97]). We will only explain the well-definedness of
formula (17) for dr. Let (u1, . . . , ur−1) and (u1 + ζ1, . . . , ur−1 + ζr−1) be two sets of forms satisfying
(16), i.e. ∂¯α = 0, ∂α = ∂¯u1 = ∂¯(u1 + ζ1) and
∂u1 = ∂¯u2 and ∂(u1 + ζ1) = ∂¯(u2 + ζ2), . . . , ∂ur−2 = ∂¯ur−1 and ∂(ur−2 + ζr−2) = ∂¯(ur−1 + ζr−1).
These identities imply the identities
∂¯ζ1 = 0, ∂ζ1 = ∂¯ζ2, . . . , ∂ζr−2 = ∂¯ζr−1,
which, in turn, imply that ζ1 satisfies condition (Pr−1) (hence defines a multi-cohomology class lying
in Ep+1, q−1r−1 ) and that
dr−1([. . . [[ζ1]∂¯]d1 . . . ]dr−2) = [. . . [[∂ζr−1]∂¯]d1 . . . ]dr−2 ∈ Im dr−1.
Consequently, [[. . . [[∂ζr−1]∂¯ ]d1 . . . ]dr−2 ]dr−1 = 0, so
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[. . . [[∂(ur−1 + ζr−1)]∂¯ ]d1 . . . ]dr−1 = [. . . [[∂ur−1]∂¯ ]d1 . . . ]dr−1.
Thus, the result we get by formula (17) for dr([. . . [[α]∂¯]d1 . . . ]dr−1) is the same whether we work with
the choices (u1, . . . , ur−1) or (u1 + ζ1, . . . , ur−1 + ζr−1). 
Thus, dα = ∂α induces the multi-cohomology class dr([. . . [[α]∂¯ ]d1 . . . ]dr−1). This helps to explain
that, intuitively, d acts as dr on representatives of Er-classes (cf. (12)).
Now, recall that infinitely many choices are possible for the isomorphisms (8), (9) and (10). How-
ever, any fixed Hermitian metric ω on X selects a unique realisation of each of these isomorphisms
and, implicitly, identifies each space Ep, qr with a precise subspaceHp, qr (depending on ω) of C∞p, q(X, C)
via an isomorphism Ep, qr ≃ Hp, qr depending on ω. These harmonic subspaces Hp, qr ⊂ C∞p, q(X, C) are
constructed by induction on r ≥ 1 as follows.
Definition 3.3. Let Hp, q1 ⊂ C∞p, q(X, C) be the orthogonal complement for the L2ω-norm of Im dp, q−10
in ker dp, q0 . Due to (8), Hp, q1 is isomorphic to Ep, q1 . In every bidegree (p, q), the linear map dp, q1 :
Ep, q1 −→ Ep+1, q1 induces a linear map (denoted by the same symbol) dp, q1 : Hp, q1 −→ Hp+1, q1 via the
isomorphisms Hp, q1 ≃ Ep, q1 and Hp+1, q1 ≃ Ep+1, q1 . Let Hp, q2 ⊂ Hp, q1 ⊂ C∞p, q(X, C) be the orthogonal
complement for the L2ω-norm of Im d
p−1, q
1 in ker d
p, q
1 (viewed as subspaces of Hp, q1 ). Due to (9), Hp, q2
is isomorphic to Ep, q2 . Continuing inductively, when the linear maps d
p, q
r : E
p, q
r −→ Ep+r, q−r+1r have
induced counterparts (denoted by the same symbol) dp, qr : Hp, qr −→ Hp+r, q−r+1r between the already
constructed subspaces Hp, qr ⊂ C∞p, q(X, C) and Hp+r, q−r+1r ⊂ C∞p+r, q−r+1(X, C), we let Hp, qr+1 ⊂ Hp, qr ⊂
C∞p, q(X, C) be the orthogonal complement for the L
2
ω-norm of Im d
p−r, q+r−1
r in ker d
p, q
r (viewed as
subspaces of Hp, qr ). Due to (10), Hp, qr+1 is isomorphic to Ep, qr+1.
Note that we have
Hp, q1 = ker (∆′′ : C∞p, q(X, C) −→ C∞p, q(X, C)) = {u ∈ C∞p, q(X, C) | ∂¯u = 0 and ∂¯⋆u = 0},
Hp, q2 = ker (∆˜ : C∞p, q(X, C) −→ C∞p, q(X, C))
= {u ∈ C∞p, q(X, C) | ∂¯u = 0, ∂¯⋆u = 0, p′′(∂u) = 0 and p′′∂⋆u = 0}, (18)
where ∆˜ = ∂p′′∂⋆ + ∂⋆p′′∂ +∆′′ is the pseudo-differential Laplacian constructed in [Pop16].
Also note that standard Hodge theory (for the elliptic differential operator ∆′′) is used to ensure
that Im dp, q−10 is closed in C
∞
p, q(X, C) and that Hp, q1 is finite-dimensional. However, all the other
images Im dp−r, q+r−1r are automatically closed since they are (necessarily finite-dimensional) vector
subspaces of a finite-dimensional vector space. It is also possible to construct pseudo-differential
operators ∆˜(r) : C
∞
p, q(X, C) −→ C∞p, q(X, C) whose kernels are isomorphic to the spaces Hp, qr (cf.
forthcoming joint work of the author with L. Ugarte, where the Hodge theory found in [Pop16] for
the second page of the Fro¨licher spectral sequence is extended to all the pages), making these spaces
into harmonic spaces for these pseudo-differential Laplacians, but the mere spaces Hp, qr suffice
for our purposes in this paper.
When the vector space C∞p, q(X, C) is endowed with the L
2-norm induced by ω, every subspace
Hp, qr inherits the restricted norm. On the other hand, every space Ep, qr has a quotient norm induced
by the L2ω-norm. The isomorphisms E
p, q
r ≃ Hp, qr constructed above are isometries when Ep, qr and
Hp, qr are endowed with the quotient, resp. L2 norms.
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Conclusion 3.4. Let X be a compact complex manifold and let ω be any Hermitian metric on X.
Let · · · ⊂ Hp, qr+1 ⊂ Hp, qr ⊂ · · · ⊂ Hp, q1 ⊂ C∞p, q(X, C) be the subspaces of Definition 3.3 induced by ω.
For every r and every bidegree (p, q), each class [. . . [[α]∂¯ ]d1 . . . ]dr−1 ∈ Ep, qr contains a unique
representative α ∈ Hp, qr (necessarily satisfying condition (Pr)). For l ∈ {1, . . . , r − 1}, let ul ∈
C∞p+l, q−l(X, C) be the unique solutions with minimal L
2
ω-norms of the equations
∂¯α = 0, ∂α = ∂¯u1, ∂u1 = ∂¯u2, . . . , ∂ur−2 = ∂¯ur−1
constructed inductively from one another. The well-known Neumann formula yields
u1 = ∆
′′−1∂¯⋆(∂α) and ul = ∆
′′−1∂¯⋆(∂ul−1) for l ∈ {2, . . . , r − 1}.
In particular, the maps α 7→ u1 and ul−1 7→ ul are linear.
For all r, p, q, we define the linear operator
Tr = T
p, q
r : Hp, qr −→ C∞p+r, q−r+1(X, C), α 7→ Tr(α) := ∂ur−1.
Since Hp, qr is finite-dimensional, Tr is bounded, so there exists a constant Cp, qr > 0 such that
||Tr(α)|| = ||∂ur−1|| ≤ Cp, qr ||α|| for all α ∈ Hp, qr .
It is easy to see that Tr(α) need not belong to Hp+r, q−r+1r when α ∈ Hp, qr . If we let P p, qr :
C∞p, q(X, C) −→ Hp, qr be the Lω-orthogonal projection onto Hp, qr , we get
||(P p, qr ◦ Tr)(α)|| = ||P p, qr (∂ur−1)|| ≤ ||∂ur−1|| ≤ Cp, qr ||α|| for all α ∈ Hp, qr .
4 Use of the rescaled Laplacians in the study of the Fro¨licher
spectral sequence
In this section, we prove Theorem 1.3.
As in [ES89], [GS91], [ALK00], we consider the spectrum distribution function associated with any
of the rescaled Laplacians ∆h, ∆ωh in our context. Its definition and its study are made far simpler
in this setting than in those references by the manifold X being compact and by the Laplacians ∆′,
∆′′ being elliptic.
Definition 4.1. Let (X, ω) be a compact Hermitian manifold with dimCX = n. For every k ∈
{0, . . . , n} and every constant λ ≥ 0, let Nkh (λ) stand for the number of eigenvalues (counted with
multiplicities) of ∆h that are ≤ λ.
Replacing ∆h with ∆ωh does not change the spectrum distribution function N
k
h : [0, +∞) −→ N
since ∆h and ∆ωh have the same eigenvalues with the same multiplicities (cf. Corollary 2.8). Theorem
1.3 can be reworded as ensuring the existence of a constant C > 0 independent of h such that, for
all r and k, we have
dimEkr = N
k
h (Ch
2r) when 0 < h≪ 1. (19)
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4.1 The Efremov-Shubin variational principle
The main technical ingredient we will need is the following variant of the variational principle proved
in a more general context in [ES89] and used extensively thereafter (e.g. [GS91], [ALK00]) in settings
different from ours. We adapt to our situation the result of [ES89].
Proposition 4.2. (see e.g. Efremov-Shubin [ES89]) Let (X, ω) be a compact Hermitian manifold
with dimCX = n. For every k = 0, . . . , 2n and every λ ≥ 0, the following identity holds
Nkh (λ) = F
k−1
h (λ) + bk + F
k
h (λ), (20)
where bk is the k
th Betti number of X and the function F kh : [0, +∞) −→ N is defined by
F kh (λ) = sup
L
dimL, (21)
where L ranges over the closed vector subspaces of the quotient space C∞k (X, C)/ ker d on which the
operator d : C∞k (X, C)/ ker d −→ C∞k+1(X, C) induced by d : C∞k (X, C) −→ C∞k+1(X, C) satisfies
the following L2ωh-norm estimate:
||dζ ||ωh ≤
√
λ ||ζ ||ωh, for every ζ ∈ L. (22)
(The understanding is that ||dζ ||ωh stands for the usual L2-norm induced by the metric ωh, while
||ζ ||ωh stands for the quotient norm induced on C∞k (X, C)/ ker d by the L2ωh-norm.)
We will present a detailed proof of this statement along the lines of [ES89] with a few minor
simplifications afforded by our special setting where the manifold X is compact and the operator
∆h is elliptic. While a more general version for unbounded operators on L
2 spaces was needed in
[ALK00], we stress that, in this context, we can confine ourselves to the case of operators on spaces
of C∞ differential forms.
The main step is the following statement (a version of the classical Min-Max Principle) that was
proved in a more general setting in [ES89].
Proposition 4.3. Let (X, ω) be a compact Hermitian manifold with dimCX = n. For an arbitrary
k ∈ {0, . . . , 2n}, let P : C∞k (X, C) −→ C∞k (X, C) be an elliptic, self-adjoint and non-negative
differential operator of order ≥ 1.
Then, for every λ ≥ 0, the spectrum distribution function Nk of P (i.e. Nk(λ) is defined to
be the number of eigenvalues of P , counted with multiplicities, that are ≤ λ) is given by the following
identities (in which the suprema are actually maxima):
Nk(λ) = sup
L∈L
(k)
λ
dimL = sup
E∈P
(k)
λ
TrE, (23)
where L(k)λ stands for the set of closed vector subspaces L ⊂ C∞k (X, C) such that
〈〈Pu, u〉〉 ≤ λ||u||2 for all u ∈ L,
while P(k)λ stands for the set of all bounded linear operators E : C∞k (X, C) −→ C∞k (X, C) satisfying
the conditions:
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(i) E2 = E = E⋆ (i.e. E is an orthogonal projection w.r.t. the L2ω inner product);
(ii) 〈〈Pu, u〉〉 ≤ λ||u||2 for all u ∈ ImE.
(In other words, E is the orthogonal projection onto one of the subspaces L ∈ L(k)λ , so L = ImE for
some L ∈ L(k)λ .)
Proof. The second identity in (23) follows at once from the fact that the dimension of any closed
subspace L ⊂ C∞k (X, C) equals the trace of the orthogonal projection onto L. So, we only have to
prove the first identity in (23).
Since X is compact and P is elliptic, self-adjoint and non-negative, the spectrum of P is discrete
and consists of non-negative eigenvalues, while there exists a countable orthonormal (w.r.t. the
L2ω-inner product) basis of C
∞
k (X, C) (and of the Hilbert space L
2
k(X, C) of L
2 k-forms) consisting
of eigenvectors of P . For every µ ≥ 0, let EP (µ) ⊂ C∞k (X, C) be the eigenspace of P corresponding
to the eigenvalue µ (with the understanding that EP (µ) = {0} if µ is not an actual eigenvalue). The
spaces EP (µ) are finite-dimensional and consist of C
∞ forms since P is assumed to be elliptic (hence
also hypoelliptic) and X is compact.
For every λ ≥ 0, let Lλ :=
⊕
0≤µ≤λ
EP (µ) ⊂ C∞k (X, C). Thus, Lλ is finite-dimensional and
dimLλ = Nk(λ), while 〈〈Pu, u〉〉 ≤ λ ||u||2 for all u ∈ Lλ. Hence Lλ ∈ L(k)λ , so Nk(λ) ≤ sup
L∈L
(k)
λ
dimL.
To prove the reverse inequality, let λ ≥ 0 and let L ∈ L(k)λ . The existence of an orthonormal
basis of eigenvectors implies the orthogonal direct-sum decomposition
C∞k (X, C) =
⊕
0≤µ≤λ
EP (µ)⊕
⊕
µ>λ
EP (µ).
In particular, ⊕µ>λEP (µ) = kerEλ, where Eλ is the orthogonal projection onto ⊕0≤µ≤λEP (µ).
Now, 〈〈Pu, u〉〉 > λ||u||2 for all u ∈ ⊕µ>λEP (µ) \ {0}, while 〈〈Pu, u〉〉 ≤ λ||u||2 for all u ∈ L.
So, L ∩ kerEλ = L ∩ ⊕µ>λEP (µ) = {0}. This implies that the restriction
Eλ|L : L −→ ImEλ =
⊕
0≤µ≤λ
EP (µ)
is injective. In particular, dimL ≤ dim ⊕0≤µ≤λEP (µ) = Nk(λ). Since L has been chosen arbitrarily
in L(k)λ , we conclude that sup
L∈L
(k)
λ
dimL ≤ Nk(λ) and we are done. 
The second step towards proving Proposition 4.2 is the standard 3-space decomposition used in
Hodge theory. For every k = 0, . . . , 2n, the operator ∆ωh : C
∞
k (X, C) −→ C∞k (X, C) is elliptic and
since the manifold X is compact and d2 = 0, we have the L2ωh-orthogonal decomposition:
C∞k (X, C) = Hk∆ωh (X, C)⊕Ek(X, C)⊕E
⋆
k(X, C), where ker d = Hk∆ωh (X, C)⊕Ek(X, C), (24)
and where Hk∆ωh (X, C) is the kernel of ∆ωh : C
∞
k (X, C) −→ C∞k (X, C), Ek(X, C) := Im (d :
C∞k−1(X, C) −→ C∞k (X, C)) and E⋆k(X, C) := Im (d⋆ωh : C∞k+1(X, C) −→ C∞k (X, C)) .
Moreover, each of the three subspaces into which C∞k (X, C) splits in (24) is ∆ωh-invariant, i.e.
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∆ωh(Hk∆ωh (X, C)) ⊂ H
k
∆ωh
(X, C), ∆ωh(Ek(X, C)) ⊂ Ek(X, C), ∆ωh(E⋆k(X, C)) ⊂ E⋆k(X, C)
because ∆ωh commutes with d and with d
⋆
ωh
. The invariance implies that an L2ωh-orthonormal
basis {eki (h)}i∈N⋆ of C∞k (X, C) consisting of eigenvectors for ∆ωh (whose existence follows from
the standard elliptic theory) can be chosen such that each eki (h) belongs to one and only one of
the subspaces Hk∆ωh (X, C), Ek(X, C) and E
⋆
k(X, C). Let 0 ≤ λk1(h) ≤ · · · ≤ λki (h) ≤ . . . be the
corresponding eigenvalues, counted with multiplicities, of the rescaled Laplacian ∆h : C
∞
k (X, C) −→
C∞k (X, C) (= those of ∆ωh : C
∞
k (X, C) −→ C∞k (X, C)). Thus, ∆ωheki (h) = λki (h) eki (h) for all i.
Consequently, we can define functions F kh : [0, +∞) −→ N and Gkh : [0, +∞) −→ N by
F kh (λ) := ♯{i | eki (h) ∈ E⋆k(X, C) and λki (h) ≤ λ}
and
Gkh(λ) := ♯{i | eki (h) ∈ Ek(X, C) and λki (h) ≤ λ}.
These definitions of F kh and G
k
h(λ) are independent of the choice of orthonormal basis {eki (h)}i∈N⋆ of
C∞k (X, C) satisfying the above properties.
Lemma 4.4. The functions F kh and G
k
h are the spectrum distribution functions of the restrictions
∆ωh|E⋆k(X,C) : E
⋆
k(X, C) −→ E⋆k(X, C), resp. ∆ωh|Ek(X,C) : Ek(X, C) −→ Ek(X, C).
In other words, they are described as follows:
F kh (λ) = sup
L∈L
′′(k)
λ
dimL, (25)
Gkh(λ) = sup
L∈L
′(k)
λ
dimL
where L′′(k)λ stands for the set of closed vector subspaces L ⊂ E⋆k(X, C) such that
||du||2ωh ≤ λ||u||2ωh for all u ∈ L, (26)
and L′(k)λ stands for the set of closed vector subspaces L ⊂ Ek(X, C) such that
||d⋆ωhu||2ωh ≤ λ||u||2ωh for all u ∈ L. (27)
Proof. This is an immediate application of the variational principle of Proposition 4.3 to the restric-
tions ∆ωh|E⋆k(X,C) : E
⋆
k(X, C)) −→ E⋆k(X, C) and ∆ωh|Ek(X,C) : Ek(X, C)) −→ Ek(X, C). Estimates
(26) and (27) are consequences of the identity 〈〈∆ωhu, u〉〉ωh = ||du||2ωh+||d⋆ωhu||2ωh and of the fact that
d⋆ωhu = 0 whenever u ∈ E⋆k(X, C) (since Im d⋆ωh ⊂ ker d⋆ωh) and that du = 0 whenever u ∈ Ek(X, C)
(since Im d ⊂ ker d). 
The last ingredient we need is the following very simple observation.
Lemma 4.5. For every λ ≥ 0 and every k ∈ {−1, 0, . . . , 2n}, we have
F kh (λ) = G
k+1
h (λ) with the understanding that F
−1
h (λ) = G
2n+1
h (λ) = 0.
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Proof. We know from the orthogonal decompositions (24) that the restriction of d to E⋆k(X, C) is
injective, so
d|E⋆
k
(X,C) : E
⋆
k(X, C) −→ Ek+1(X, C)
is an isomorphism. Moreover, d∆ωh = ∆ωhd, so whenever ∆ωhui = λ
k
i (h) ui, we get ∆ωh(dui) =
λki (h) (dui). Combined with the above isomorphism, with the invariance of E
⋆
k(X, C) under ∆ωh and
with the definitions of F hk (λ) and G
h
k+1(λ), this implies the contention. .
Proof of Proposition 4.2. Putting together (24), the definitions of F kh (λ) and G
k
h(λ) and the fact
that the Hodge isomorphism Hk∆ωh ≃ H
k
DR(X, C) (which follows at once from (24)) implies bk =
dimHk∆ωh , we get
Nkh (λ) = bk +G
k
h(λ) + F
k
h (λ)
for all k and all λ ≥ 0. Using Lemma 4.5, this is equivalent to (20).
On the other hand, the descriptions (25) and (26) of F kh (λ) coincide with the descriptions (21)
and (22) thanks to the isomorphism E⋆k(X, C) ≃ C∞k (X, C)/ ker d, which is another consequence of
the decompositions (24). 
4.2 Metric independence of asymptotics
Although the following statement has no impact on either the statement of Theorem 1.3 or its proof,
we pause briefly to show, exactly as in the foliated case of [ALK00], that the asymptotics of the
eigenvalues λki (h) and of the spectrum distribution function N
k
h as h ↓ 0 depend only on the complex
structure of X . The proof is an easy application of the Variational Principle of Proposition 4.2.
Proposition 4.6. The asymptotics of the λki (h)’s and of N
k
h as h ↓ 0 are independent of the choice
of Hermitian metric ω.
Proof. We adapt to our setting the proof of the corresponding result in [ALK00]. Let ω and ω′ be
two Hermitian metrics on X . They induce, respectively, rescaled metrics (ωh)h>0 and (ω
′
h)h>0. Let
N
′k
h (λ) = F
′k−1
h (λ) + bk + F
′k
h (λ) be the spectrum distribution function associated with the rescaled
Laplacian ∆ω′
h
: C∞k (X, C) −→ C∞k (X, C), written as in (20).
Since X is compact, there exists a constant C > 0 such that the respective L2-norms satisfy the
following inequalities in every bidegree (p, q):
1
C
|| ||ω ≤ || ||ω′ ≤ C || ||ω, hence 1
C
|| ||ωh ≤ || ||ω′h ≤ C || ||ωh on L2p, q(X, C) for every h > 0.
The constant C is independent of h > 0 thanks to Formula 2.2.
Hence, for every ζ ∈ C∞k (X, C)/ ker d such that ||dζ ||ωh ≤
√
λ ||ζ ||ωh, we get ||dζ ||ω′h ≤
√
C4λ |ζ ||ω′
h
.
Thanks to Proposition 4.2, this implies that
F kh (λ) ≤ F
′k
h (C
4λ), λ ≥ 0, h > 0.
By symmetry, we also get F
′k
h (λ) ≤ F kh (C4λ), so putting the last two inequalities together, we get
F
′k
h (C
−4λ) ≤ F kh (λ) ≤ F
′k
h (C
4λ), λ ≥ 0, h > 0.
The proof is complete. 
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4.3 Proof of the inequality “≤” in Theorem 1.3
We are now in a position to prove the following
Theorem 4.7. Let (X, ω) be a compact Hermitian manifold with dimCX = n. For every r and
every k = 0, . . . , 2n, the following inequality holds:
dimEkr ≤ ♯{i | λki (h) ∈ O(h2r) as h ↓ 0}. (28)
Proof. We have to prove the existence of a uniform constant C > 0 such that dimEkr ≤ Nkh (Ch2r)
for all r, k and all 0 < h≪ 1. Recall the following facts:
(i) dimEkr = bk+m
k−1
r +m
k
r , where m
k
r := dimL
k
r and L
k
r :=
⊕
p+q=k
Lp, qr =
⊕
p+q=k
⊕
l≥r
(Ep, ql / ker d
p, q
l )
(proved in (13) of Lemma 3.1);
(ii) Nkh (λ) = bk + F
k−1
h (λ) + F
k
h (λ) for all λ ≥ 0
(cf. (20) of Proposition 4.2).
Thus, it suffices to prove that
mkr ≤ F kh (Ch2r) for all 0 < h≪ 1, (29)
for a uniform constant C > 0 and for all r and k.
Now, thanks to the definition (21) of F kh , to prove (29) it suffices to prove that L
k
r is one of the
subspaces of C∞k (X, C)/ ker d contributing to the definition of F
k
h (Ch
2r) for some uniform constant
C > 0. In other words, it suffices to prove that there exists C > 0 such that
||dζ ||ωh ≤
√
C hr ||ζ ||ωh, for all ζ ∈ Lkr and all 0 < h≪ 1. (30)
Meanwhile, every ζ ∈ Lkr =
⊕
p+q=k
Lp, qr splits uniquely as ζ =
∑
p+q=k ζ
p, q with ζp, q ∈ Lp, qr for all p, q.
Thus, it suffices to prove that, for a uniform constant C > 0, we have
||dζp, q||ωh ≤
√
C hr ||ζp, q||ωh, for all p, q, all ζp, q ∈ Lp, qr and all 0 < h≪ 1. (31)
This holds mainly because dr is of type (r, −r + 1), so dr increases the holomorphic degree by
r and thus the norm | |ωh brings out an extra factor hr. Specifically, for every ζp, q ∈ Lp, qr , (14) of
Lemma 3.1 yields dζp, q ∈ d(Lp, qr ) ⊂ Ap+q−1p+r . Therefore, the holomorphic degree of dζp, q is ≥ p + r,
so from Formula 2.2 we get
||dζp, q||ωh ≤
hp+r
hn
||dζp, q||ω for all p, q, all ζp, q ∈ Lp, qr and all 0 < h < 1.
Now, Lp, qr is a finite-dimensional vector subspace of C
∞
k (X, C)/ ker d, so there exists a constant Cr >
0 (depending on r, p, q, but independent of h) such that ||dζp, q||ω ≤ Cr ||ζp, q||ω for all ζp, q ∈ Lp, qr .
Meanwhile, Formula 2.2 tells us again that ||ζp, q||ω = (hn/hp) ||ζp, q||ωh, so putting the last three
relations together, we get
||dζp, q||ωh ≤ Cr hr ||ζp, q||ωh for all p, q, all ζp, q ∈ Lp, qr and all 0 < h < 1.
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This proves (31) after setting C := max 0≤r≤N
0≤p,q≤n
C2r > 0.
The proof is complete. 
Note that Lkr is a vector space of classes of cohomology classes, rather than of differential forms,
so what is meant by Lkr in the above proof is its image in C
∞
k (X, C)/ ker d under the isometries
explained in §.3.2. We can use these isometries, the identification of d acting on Hp, qr with dr and
Conclusion 3.4 in the following way to make the above proof even more explicit. If we choose ζp, q
to be the ωh-harmonic representative of its class (also denoted by ζ
p, q) and to play the role of α of
Conclusion 3.4, we can re-write the above inequalities in a more detailed form as follows:
||dζp, q||ωh = ||(P (∂ur−1)||ωh ≤
hp+r
hn
||(P ◦ T )(ζp, q)||ω
≤ h
p+r
hn
Cr ||ζp, q||ω = Cr hr||α||ωh,
where P and T are the linear maps P p, qr and T
p, q
r (with indices removed) of Conclusion 3.4 that
was used above, while || ||ωh stands for the L2ωh-norm when applied to a form and for the induced
quotient norm when applied to a class.
4.4 Preliminaries to the proof of the inequality “≥” in Theorem 1.3
We will need a few simple observations.
Lemma 4.8. Let (X, ω) be a compact Hermitian manifold with dimCX = n. For every bidegree
(p, q) and every (p, q)-form u on X, the following identities hold:
〈〈∆hu, u〉〉ω = h2(n−p) 〈〈∆ωhu, u〉〉ωh = h2(n−p) (||du||2ωh + ||d⋆ωhu||2ωh). (32)
Proof. The latter identity is obvious, so we will only prove the former one. Since u is of pure type,
(4) yields the first identity below, while the second identity follows from Formula 2.2:
〈〈∆hu, u〉〉ω = h2 〈〈∆′u, u〉〉ω + 〈〈∆′′u, u〉〉ω = h2 h2(n−p) 〈〈∆′u, u〉〉ωh + h2(n−p) 〈〈∆′′u, u〉〉ωh
= h2(n−p) 〈〈∆ωhu, u〉〉ωh.
The last identity followed again from (4). 
Lemma 4.9. Let u ∈ C∞p, q(X, C) be an arbitrary form. Considering the splitting d = d(k) =⊕
0≤r≤N−1
p+q=k
dp, qr : C
∞
k (X, C) −→ C∞k+1(X, C) of the operator d (see (12)) and the splitting
u =
N−1∑
r=0
ur + ker d, implying du =
N−1∑
r=0
drur,
with ur ∈ Ep, qr / ker dp, qr (see §.3 and recall that dr : Ep, qr / ker dp, qr −→ Im dp, qr ⊂ C∞p+r, q−r+1(X, C) is
an isomorphism), the following identity holds:
h2(n−p) ||du||2ωh =
N−1∑
r=0
h2r ||drur||2ω for all h > 0. (33)
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Proof. Since dr is of type (r, −r + 1), drur is of type (p + r, q − r + 1), so the drur’s are mutually
orthogonal (w.r.t. any metric) when r varies. We get
||du||2ωh =
N−1∑
r=0
||drur||2ωh =
N−1∑
r=0
h2(p+r)
h2n
||drur||2ω,
where for the last identity we used Formula 2.2. 
Lemma 4.10. For every r and every bidegree (p, q), the formal adjoints of dr w.r.t. the metrics ωh
and ω compare as follows:
(dr)
⋆
ωh
= h2r (dr)
⋆
ω. (34)
Consequently, for every form u ∈ C∞p, q(X, C), the following counterpart of Lemma 4.9 for the adjoints
holds. Considering the splitting (d(k))⋆ωh =
⊕
0≤r≤N−1
p+q=k
(dp, qr )
⋆
ωh
: C∞k+1(X, C) −→ C∞k (X, C) of the
operator d⋆ and the splitting
u =
N−1∑
r=0
vr + ker d
⋆
ωh
, implying d⋆ωhu =
N−1∑
r=0
(dr)
⋆
ωh
vr,
with vr ∈ Im dp−r, q+r−1r (see §.3.1), the following identity holds:
h2(n−p) ||d⋆ωhu||2ωh =
N−1∑
r=0
h2r ||(dr)⋆ωvr||2ω for all h > 0. (35)
Proof. For every (p, q)-form v and every (p− r, q + r − 1)-form u, we have
h2(p−r)
h2n
〈〈(dr)⋆ωhv, u〉〉ω = 〈〈(dr)⋆ωhv, u〉〉ωh = 〈〈v, dru〉〉ωh =
h2p
h2n
〈〈v, dru〉〉ω = h
2p
h2n
〈〈(dr)⋆ωv, u〉〉ω.
This proves (34). Using the mutual orthogonality of the (dr)
⋆
ωh
vr’s (due to bidegree reasons) and
Formula 2.2, we get
||d⋆ωhu||2ωh =
N−1∑
r=0
||(dr)⋆ωhvr||2ωh =
N−1∑
r=0
h2(p−r)
h2n
||(dr)⋆ωhvr||2ω =
N−1∑
r=0
h2(p−r)
h2n
h4r ||(dr)⋆ωvr||2ω.
This proves (35). 
Putting together (32), (33) and (35), we get
Corollary 4.11. Let (X, ω) be a compact Hermitian manifold with dimCX = n. For every bidegree
(p, q) and every (p, q)-form u on X, the following identity holds:
〈〈∆hu, u〉〉ω =
N−1∑
r′=0
h2r
′ ||dr′ur′||2ω +
N−1∑
r′=0
h2r
′ ||(dr′)⋆ωvr′||2ω,
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where u splits uniquely (cf. §.3.1) as
u =
N−1∑
r′=0
ur′ + ker d =
N−1∑
r′=0
vr′ + ker d
⋆ =
N−1∑
r′=0
ur′ +
N−1∑
r′=0
vr′ + w
with ur′ ∈ Ep, qr′ / ker dp, qr′ , vr′ ∈ Im dp−r
′, q+r′−1
r′ and w ∈ Ep, q∞ .
4.5 Proof of the inequality “≥” in Theorem 1.3
Following again the analogy with the foliated case of [ALK00], we will actually prove a stronger
statement from which the following result will follow as a corollary.
Theorem 4.12. Let (X, ω) be a compact Hermitian manifold with dimCX = n. For every r and
every k = 0, . . . , 2n, the following inequality holds:
dimEkr ≥ ♯{i | λki (h) ∈ O(h2r) as h ↓ 0}. (36)
The first main ingredient we will use is the pseudo-differential Laplacian
∆˜ = ∂p′′∂⋆ + ∂⋆p′′∂ +∆′′ : C∞p, q(X, C) −→ C∞p, q(X, C)
defined in arbitrary bidegree (p, q) and introduced in [Pop16], where p′′ : C∞p, q(X, C) −→ ker∆′′ is
the orthogonal projection (w.r.t. the L2ω-norm) onto the ∆
′′-harmonic subspace of C∞p, q(X, C). The
pseudo-differential Laplacian ∆˜ gives a Hodge theory for the second page of the Fro¨licher spectral
sequence in the sense that there is a Hodge isomorphism
Ep, q2
≃−→ Hp, q
∆˜
(X, C) := ker(∆˜ : C∞p, q(X, C) −→ C∞p, q(X, C)) for all p, q = 0, . . . , n. (37)
Note that (p′′)2 = p′′ = (p′′)⋆, so ∂p′′∂⋆ = (p′′∂⋆)⋆(p′′∂⋆) and ∂⋆p′′∂ = (p′′∂)⋆(p′′∂). Thus, ∆˜ is
a sum of non-negative operators, so its kernel is the intersection of the respective kernels. Since
ker(A⋆A) = kerA for any operator A, we get
ker ∆˜ = ker(p′′∂) ∩ ker(p′′∂⋆) ∩ ker ∂¯ ∩ ker ∂¯⋆.
The second main ingredient we will use is the following lower estimate of the rescaled Laplacian
∆h. It is the analogue in our context of a result in [ALK00].
Lemma 4.13. Let (X, ω) be a compact Hermitian manifold with dimCX = n. There exists a
constant C > 0 such that the following inequality of linear operators (cf. Notation 1.4) holds on
differential forms of any degree k = 0, . . . , 2n:
∆h ≥ 3
4
∆′′ + h2∆′ − Ch2 for all h > 0,
where ∆′′ = ∂¯∂¯⋆ + ∂¯⋆∂¯ and ∆′ = ∂∂⋆ + ∂⋆∂ are the usual ∂¯- and ∂-Laplacians.
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The coefficients 3/4 and 1 are not optimal, but they suffice for our purposes and the proof
provided below shows that they can be made optimal if this is desired.
Proof of Lemma 4.13. We know from (ii) of Lemma 2.7 that
∆h = ∆
′′ + h2∆′ − h([τ, ∂¯⋆] + [τ ⋆, ∂¯]), (38)
where τ = τω := [Λ, ∂ω ∧ ·] is the zero-th order torsion operator of type (1, 0) associated with ω.
For any form u, the first-order terms on the r.h.s. of (38) are easily estimated using the Cauchy-
Schwarz inequality as follows:
h |〈〈[τ, ∂¯⋆]u+ [τ ⋆, ∂¯]u, u〉〉| = h |〈〈∂¯⋆u, τ ⋆u〉〉+ 〈〈τu, ∂¯u〉〉+ 〈〈∂¯u, τu〉〉+ 〈〈τ ⋆u, ∂¯⋆u〉〉|
≤ 2h||τu|| ||∂¯u||+ 2h||τ ⋆u|| ||∂¯⋆u||
≤ 1
4
(||∂¯u||2 + ||∂¯⋆u||2) + 4h2 (||τu||2 + ||τ ⋆u||2)
≤ 1
4
〈〈∆′′u, u〉〉+ Ch2 ||u||2,
where the constant C > 0 exists because the linear operators τ and τ ⋆ are of order zero, hence
bounded. In particular, we get the operator inequality −h([τ, ∂¯⋆] + [τ ⋆, ∂¯]) ≥ −1
4
∆′′ − Ch2 which,
alongside (38), proves the contention. 
We are now ready to state and prove a general result that will imply Theorem 4.12.
Theorem 4.14. Let (X, ω) be a compact Hermitian manifold with dimCX = n. Let k ∈ {0, . . . , 2n}
and r ≥ 1 be fixed integers. Suppose there exist a sequence (hi)i∈N of constants hi > 0 such that
hi ↓ 0 and a sequence (ui)i∈N of k-forms ui ∈ C∞k (X, C) such that ||ui||ω = 1 for every i and
〈〈∆hiui, ui〉〉ω ∈ o(h2(r−1)i ) as i→ +∞. (39)
Then, there exists a subsequence (uil)l∈N of (ui)i∈N such that (uil)l∈N converges in the L
2
ω-topology to
some k-form u ∈ Hkr := ⊕p+q=kHp, qr ≃ Ekr , where the Hp, qr ⊂ C∞p, q(X, C) are the “harmonic” vector
subspaces of Definition 3.3 induced by the metric ω.
Proof. • Case r = 1. In this case, Hypothesis (39) means that 〈〈∆hiui, ui〉〉ω −→ 0 as i → +∞.
Then also 〈〈∆hiui, ui〉〉ω + Ch2i −→ 0 as i→ +∞. Since, by Lemma 4.13, we have
〈〈∆hiui, ui〉〉ω + Ch2i ≥
3
4
〈〈∆′′ui, ui〉〉ω + h2i 〈〈∆′ui, ui〉〉ω ≥ 0 for all i ∈ N,
we get
(i) 〈〈∆′′ui, ui〉〉ω −→ 0 as i→ +∞ and (ii) h2i 〈〈∆′ui, ui〉〉ω −→ 0 as i→ +∞. (40)
Meanwhile, the ∂¯-Laplacian ∆′′ is elliptic and the manifold X is compact, so the Ga˚rding in-
equality yields constants δ1, δ2 > 0 such that the first inequality below holds:
δ2 ||ui||W 1 ≤ 〈〈∆′′ui, ui〉〉ω + δ1 ||ui||ω ≤ C1, for all i ∈ N,
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where || ||W 1 stands for the Sobolev normW 1 induced by the metric ω. The second inequality above
holds for some constant C1 > 0 since the quantity 〈〈∆′′ui, ui〉〉ω converges to zero (cf. (40)), hence
is bounded, and ||ui||ω = 1 by the hypothesis of Theorem 4.14.
Consequently, the sequence (ui)i∈N is bounded in the Sobolev space W
1 (a Hilbert space), so by
the Banach-Alaoglu Theorem there exists a subsequence (uil)l∈N that converges in the weak topology
of W 1 to some k-form u ∈ W 1. In particular, the following convergences hold in the weak topology
of distributions:
∂¯uil −→ ∂¯u and ∂¯⋆uil −→ ∂¯⋆u as l → +∞.
On the other hand, ||∂¯ui||2+ ||∂¯⋆ui||2 = 〈〈∆′′ui, ui〉〉ω −→ 0 as i→ +∞, so ∂¯ui −→ 0 and ∂¯⋆ui −→ 0
in the L2-topology as i→ +∞. Comparing this with the above convergences in the weak topology
of distributions, we get
∂¯u = 0 and ∂¯⋆u = 0,
which, by (18), is equivalent to u ∈ ker (∆′′ : C∞k (X, C) −→ C∞k (X, C)) = Hk1 ≃ Ek1 .
Note that by the Rellich Lemma (asserting the compactness of the inclusion W 1 →֒ L2), the
convergence of (uil)l∈N to u in the weak topology of W
1 implies that (uil)l∈N also converges in the
L2-topology to u. Moreover, the ellipticity of ∆′′ and the relation u ∈ ker∆′′ imply that u is C∞.
• Case r = 2. In this case, Hypothesis (39) means that 〈〈∆hiui, ui〉〉ω ∈ o(h2i ) as i → +∞.
Since 〈〈∆hiui, ui〉〉ω = ||dhiui||2 + ||d⋆hiui||2 = ||hi∂ui + ∂¯ui||2 + ||hi∂⋆ui + ∂¯⋆ui||2, this implies that
∂ui +
1
hi
∂¯ui −→ 0 and ∂⋆ui + 1
hi
∂¯⋆ui −→ 0 in the L2-topology, as i→ +∞. (41)
Since the orthogonal projection p′′ onto ker∆′′ is continuous w.r.t. the L2-topology and since p′′∂¯ = 0
and p′′∂¯⋆ = 0 (because Im ∂¯ ⊥ ker∆′′ and Im ∂¯⋆ ⊥ ker∆′′), an application of p′′ to (41) yields
p′′∂ui −→ 0 and p′′∂⋆ui −→ 0 in the L2-topology, as i→ +∞. (42)
On the other hand, we know from the discussion of the case r = 1 (whose weaker assumption
is still valid in the case r = 2) that there exists a subsequence (uil)l∈N that converges in the weak
topology of W 1 to some k-form u ∈ W 1. Thus, ∂uil −→ ∂u ∈ L2 in the weak topology of L2 as
l → +∞. This means that
〈〈∂uil , v〉〉ω −→ 〈〈∂u, v〉〉ω for all v ∈ L2, hence 〈〈∂uil, p′′v〉〉ω −→ 〈〈∂u, p′′v〉〉ω for all v ∈ L2,
as l → +∞. (The second convergence follows from the first since ||p′′v|| ≤ ||v|| for all v ∈ L2, so
p′′(L2) ⊂ L2.) Now, p′′ is self-adjoint, so the last convergence translates to
〈〈p′′∂uil , v〉〉ω −→ 〈〈p′′∂u, v〉〉ω as l → +∞, for all v ∈ L2.
This means that p′′∂uil converges to p
′′∂u in the weak topology of L2 as l → +∞. However, we
know from (42) that p′′∂uil converges to 0 in the L
2-topology. Hence p′′∂u = 0. The same argument
run with ∂⋆ in place of ∂ yields that p′′∂⋆u = 0. On the other hand, we know from the discussion of
the case r = 1 that u ∈ ker ∂¯ ∩ ker ∂¯⋆ = ker∆′′, so we get
u ∈ ker(p′′∂) ∩ ker(p′′∂⋆) ∩ ker ∂¯ ∩ ker ∂¯⋆ = Hk2 ≃ Ek2
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after remembering the description (18) of the spaces Hp, q2 and that Hk2 = ⊕p+q=kHp, q2 .
• Case r ≥ 3. Using the information from the first two cases and from subsection §.4.4, this last
case can easily be dealt with as follows.
For each of the k-forms ui given by the hypotheses of Theorem 4.14, we consider the splitting
ui =
N−1∑
r′=0
u
(i)
r′ +
N−1∑
r′=0
v
(i)
r′ + wi,
with u
(i)
r′ ∈ Ep, qr′ / ker dp, qr′ , v(i)r′ ∈ Im dp−r
′, q+r′−1
r′ and wi ∈ Ep, q∞ , and the corresponding splitting
〈〈∆hiui, ui〉〉ω =
N−1∑
r′=0
h2r
′
i ||dr′u(i)r′ ||2ω +
N−1∑
r′=0
h2r
′
i ||(dr′)⋆ωv(i)r′ ||2ω
obtained in Corollary 4.11
On the other hand, (39) ensures that 〈〈∆hiui, ui〉〉ω ∈ o(h2(r−1)i ) as i→ +∞. Together with the
above identity, this implies the following convergences in the L2ω-norm as i→ +∞:
dr′u
(i)
r′ −→ 0 and (dr′)⋆ωv(i)r′ −→ 0 for every r′ ∈ {0, . . . , r − 1}.
We even get
1
hr−r
′−1
i
dr′u
(i)
r′ −→ 0 and
1
hr−r
′−1
i
(dr′)
⋆
ωv
(i)
r′ −→ 0 for every r′ ∈ {0, . . . , r − 1}.
Defining in an ad hoc way a “formal” Laplacian by ∆formalr′ := dr′(dr′)
⋆
ω + (dr′)
⋆
ωdr′, we get that the
limit u of a subsequence of (ui)i∈N lies in
ker
(
∆formalr−1 :
⊕
p+q=k
Ep, qr−1 −→
⊕
p+q=k
Ep, qr−1
)
≃ Hkr ≃ Ekr
and we are done. 
Proof of Theorem 4.12. It is an immediate consequence of Theorem 4.14. Indeed, fix any r ∈ N⋆ and
k ∈ {0, . . . , 2n} and suppose that inequality (36) does not hold. Then, the reverse strict inequality
holds, so there exists a sequence (hi)i∈N of positive constants such that hi ↓ 0 when i → +∞ and
a sequence (ui)i∈N of eigenvectors for the Laplacians ∆hi acting on k-forms such that ||ui||ω = 1,
ui ⊥ Hkr for all i and 〈〈∆hiui, ui〉〉 ∈ o(h2(r−1)i ) as i→ +∞.
Thanks to Theorem 4.14, there exists a subsequence (uil)l∈N of (ui)i∈N such that (uil)l∈N converges
in the L2ω-topology to some k-form u ∈ Hkr ≃ Ekr . However, the form u is orthogonal to Hkr since
ui ⊥ Hkr for all i and the orthogonality property is preserved in the limit. Since ||u||ω = 1 (because
||ui||ω = 1 for all i), u 6= 0, so u cannot be at once orthogonal to and a member of Hkr . This is a
contradiction. 
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5 Consequences of Theorem 1.3
The following consequences of Theorem 1.3 are of independent interest.
Proposition 5.1. Let X be a compact complex manifold with dimCX = n. For every r ∈ N⋆ and
every k = 0, . . . , 2n, the following identity (a kind of numerical Poincare´ duality extended to all the
pages of the spectral sequence) holds:
dimCE
k
r = dimCE
2n−k
r ,
where, as usual, Ekr =
∑
p+q=kE
p, q
r is the direct sum of the spaces of total degree k on the r
th page
of the Fro¨licher spectral sequence of X.
This is an immediate consequence of Theorem 1.3 and of the following
Proposition 5.2. Let (X, ω) be a compact complex Hermitian manifold with dimCX = n. Fix an
arbitrary constant h > 0.
(i) If d⋆h, resp. ⋆, are the formal adjoint of dh, resp. the Hodge star operator induced by ω, then
d⋆h = − ⋆ d¯h ⋆ .
(ii) If, for every h > 0, every k = 0, . . . , 2n and every λ ≥ 0, Ek∆h(λ) stands for the λ-eigenspace
of ∆h : C
∞
k (X, C) −→ C∞k (X, C), the linear map
Ek∆h(λ) −→ E2n−k∆h (λ), u 7→ ⋆u¯,
is well defined and an isomorphism.
In particular, the operators∆h : C
∞
k (X, C) −→ C∞k (X, C) and∆h : C∞2n−k(X, C) −→ C∞2n−k(X, C)
have the same spectra and their corresponding eigenvalues have the same multiplicities for all h > 0
and all k = 0, . . . , 2n.
Proof. (i) We have d⋆h = h∂
⋆+ ∂¯⋆ = −h⋆ ∂¯ ⋆−⋆∂⋆ = −⋆ (h∂¯+∂)⋆ = −⋆ d¯h⋆ thanks to the standard
formulae ∂⋆ = − ⋆ ∂¯⋆ and ∂¯⋆ = − ⋆ ∂⋆.
(ii) Using the formula under (i) and ⋆⋆ = (−1)k on k-forms, we get the following equivalences:
u ∈ Ek∆h(λ) ⇐⇒ −dh ⋆ d¯h ⋆ u− ⋆d¯h ⋆ dhu = λu
(a)⇐⇒ (− ⋆ d¯h⋆)dh(⋆u¯)− (−1)deg u ⋆ ⋆dh ⋆ d¯h ⋆ ⋆u¯ = λ (⋆u¯)
⇐⇒ d⋆hdh(⋆u¯) + dhd⋆h(⋆u¯) = λ (⋆u¯) ⇐⇒ ⋆u¯ ∈ E2n−k∆h (λ),
where (a) was obtained by conjugating and then applying the isomorphism ⋆.
This shows the well-definedness of the linear map under consideration. Both the conjugation and
⋆ are isomorphisms, hence so is that linear map. 
Proof of Proposition 5.1. By Theorem 1.3, dimCE
k
r , resp. dimCE
2n−k
r , is the number of eigenvalues
λki (h) ∈ O(h2r), resp. λ2n−ki (h) ∈ O(h2r), counted with multiplicities, of ∆h in degree k, resp. 2n−k.
Since, by Proposition 5.2, λki (h) = λ
2n−k
i (h) for all i ∈ N⋆ and all h > 0, the statement follows. 
The last consequence of Theorem 1.3 that we notice in this section is the following degeneration
criterion for the Fro¨licher spectral sequence.
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Proposition 5.3. Let (X, ω) be a compact complex Hermitian manifold with dimCX = n. For every
constant h > 0, let δ
(k)
h > 0 be the smallest positive eigenvalue of ∆h : C
∞
k (X, C) −→ C∞k (X, C).
Then, for every r ∈ N⋆, the Fro¨licher spectral sequence of X degenerates at Er if and only if
lim
h→0
δ
(k)
h
h2r
= +∞, for all k ∈ {1, . . . , n}.
Proof. The multiplicity of 0 as an eigenvalue of ∆h : C
∞
k (X, C) −→ C∞k (X, C) is the kth Betti
number bk of X (cf. Corollary 2.9), so the degeneration at Er of the Fro¨licher spectral sequence
(known to be equivalent to the identities bk = dimE
k
r for all k = 0, 1, . . . , 2n) amounts, thanks to
Theorem 1.3, to δ
(k)
h converging to zero (if it does converge to zero at all as h ↓ 0) strictly less fast
than Ch2r for all k = 0, 1, . . . , 2n. On the other hand, the numerical duality statement of Proposition
5.1 reduces the verification of this property to the cases k = 1, . . . , n. 
6 Degeneration at E2 of the Fro¨licher spectral sequence
In this section, we prove Theorem 1.2.
We start off by noticing a lower estimate for ∆h − h2∆ that holds for any Hermitian metric.
Lemma 6.1. Let (X, ω) be a compact complex manifold. For every 0 < h < 1, the following
inequality of operators holds on smooth differential forms of all degrees:
∆h − h2∆ ≥ (1− h)h
(
∆′′ − h[τ, τ ⋆]
)
. (43)
Proof. We know from Lemma 2.7 that ∆h = h
2∆′+∆′′−h[τ, ∂¯⋆]−h[∂¯, τ ⋆] for any Hermitian metric
ω, while ∆ = [∂ + ∂¯, ∂⋆ + ∂¯⋆] = ∆′ +∆′′ − [τ, ∂¯⋆]− [∂¯, τ ⋆]. Thus, we get
∆h − h2∆ = (1− h2)∆′′ + h(h− 1) ([∂¯, τ ⋆] + [∂¯⋆, τ ])
= (1− h)
(
(1 + h)∆′′ − h [∂¯, τ ⋆]− h [∂¯⋆, τ ]
)
. (44)
We shall now estimate the signless terms on the r.h.s. of (44). For any form u, we have
〈〈[∂¯, τ ⋆] u, u〉〉+ 〈〈[∂¯⋆, τ ] u, u〉〉 = 〈〈τ ⋆u, ∂¯⋆u〉〉+ 〈〈∂¯u, τu〉〉+ 〈〈τu, ∂¯u〉〉+ 〈〈∂¯⋆u, τ ⋆u〉〉
= 2Re 〈〈∂¯⋆u, τ ⋆u〉〉+ 2Re 〈〈∂¯u, τu〉〉.
Thus, for any Hermitian metric ω, we have
h |〈〈([∂¯, τ ⋆] + [∂¯⋆, τ ]) u, u〉〉| ≤ 2h |〈〈∂¯u, τu〉〉|+ 2h |〈〈∂¯⋆u, τ ⋆u〉〉|
≤ (||∂¯u||2 + ||∂¯⋆u||2) + h2 (||τu||2 + ||τ ⋆u||2)
= 〈〈∆′′u, u〉〉+ h2 〈〈[τ, τ ⋆] u, u〉〉.
Using this last estimate in (44), we get ∆h − h2∆ ≥ (1 − h) (h∆′′ − h2[τ, τ ⋆]) in the sense of
operators. This is precisely (43).
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Note that we can also write |〈〈([∂¯, τ ⋆] + [∂¯⋆, τ ]) u, u〉〉| ≤ 〈〈∆′′u, u〉〉 + 〈〈[τ, τ ⋆] u, u〉〉 for every
form u, which, alongside (44), yields ∆h−h2∆ ≥ (1−h) (∆′′−h[τ, τ ⋆]). This is slightly better than
(43) if the r.h.s. is non-negative, but worse otherwise. 
We shall now give a sufficient condition for the r.h.s. of (43) to be non-negative.
Lemma 6.2. Let (X, ω) be a compact Hermitian manifold with dimCX = n such that the inclusion
of kernels
ker∆′′ ⊂ ker [τ, τ ⋆]
holds for the operators ∆′′, [τ, τ ⋆] : C∞k (X, C) −→ C∞k (X, C) in a fixed degree k ∈ {1, . . . , n}.
Then, there exists a constant h0(k) ∈ (0, 1] such that the following inequality of operators holds
in degree k:
∆′′ ≥ h [τ, τ ⋆] for all 0 < h < h0(k).
Proof. Let δ′′k > 0 be the smallest positive eigenvalue of the elliptic, self-adjoint and non-negative
differential operator ∆′′ : C∞k (X, C) −→ C∞k (X, C).
On the other hand, the operator [τ, τ ⋆] : C∞k (X, C) −→ C∞k (X, C) is of order zero, hence
bounded, so the constant Ck := sup||u||≤1〈〈[τ, τ ⋆] u, u〉〉 is finite.
We put h0(k) := min{δ′′k/Ck, 1} and will prove that 〈〈∆′′u, u〉〉 ≥ h 〈〈[τ, τ ⋆] u, u〉〉 for all u ∈
C∞k (X, C) and all h ∈ (0, h0(k)). Let us fix a form u ∈ C∞k (X, C).
Since ∆′′ is elliptic and preserves bidegrees, the following orthogonal splitting
C∞k (X, C) = ker∆
′′ ⊕ Im∆′′
holds and induces a unique splitting u = uh+uh⊥ with uh ∈ ker∆′′ and uh⊥ ∈ Im∆′′. In particular,
uh ∈ ker [τ, τ ⋆] thanks to our assumption.
We get
〈〈∆′′u, u〉〉 = 〈〈∆′′uh⊥, uh + uh⊥〉〉 = 〈〈∆′′uh⊥, uh⊥〉〉 ≥ δ′′k ||uh⊥||2 (45)
since uh⊥ ⊥ ker∆′′, so uh⊥ lies in the orthogonal direct sum of the eigenspaces of ∆′′ corresponding
to positive eigenvalues (= eigenvalues ≥ δ′′k).
On the other hand,
〈〈[τ, τ ⋆] u, u〉〉 (a)= 〈〈[τ, τ ⋆] uh⊥, uh + uh⊥〉〉 (b)= 〈〈uh⊥, [τ, τ ⋆] uh〉〉+ 〈〈[τ, τ ⋆] uh⊥, uh⊥〉〉
(c)
= 〈〈[τ, τ ⋆] uh⊥, uh⊥〉〉
(d)
≤ Ck ||uh⊥||2, (46)
where for (a) we used the fact that uh ∈ ker [τ, τ ⋆], for (b) we used the self-adjointness of [τ, τ ⋆], (c)
follows from uh ∈ ker [τ, τ ⋆], while (d) follows from the definition of Ck.
Since h0(k) = min{ δ
′′
k
Ck
, 1}, inequalities (45) and (46) imply that
h 〈〈[τ, τ ⋆] u, u〉〉 ≤ Ckh ||uh⊥||2 ≤
Ckh
δ′′k
〈〈∆′′u, u〉〉 ≤ 〈〈∆′′u, u〉〉
for all h ∈ (0, h0(k)). 
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Corollary 6.3. Let (X, ω) be a compact Hermitian manifold such that ker∆′′ ⊂ ker [τ, τ ⋆] in a fixed
degree k. Then, there exists a constant h0(k) ∈ (0, 1] such that the following inequality of operators
holds in degree k:
∆h ≥ h2∆ for all 0 < h < h0(k).
Proof. This is an immediate consequence of Lemmas 6.1 and 6.2. 
We can now prove the spectral sequence degeneration statement of this paper.
Proof of Theorem 1.2. Let us fix an arbitrary k ∈ {1, . . . , n}. Hypothesis (1) and Corollary 6.3
imply that ker∆h ⊂ ker∆ for all 0 < h < h0(k) since 〈〈∆u, u〉〉 ≥ 0 for every u and u ∈ ker∆
if and only if 〈〈∆u, u〉〉 = 0. Meanwhile, we know from Corollary 2.9 that ker∆h and ker∆ are
finite-dimensional vector spaces of equal dimensions, so for all 0 < h < h0(k) we get
ker∆h = ker∆. (47)
For every h > 0, let δ
(k)
h > 0 be the smallest positive eigenvalue of the elliptic operator ∆h :
C∞k (X, C) −→ C∞k (X, C) and let uh ∈ C∞k (X, C) be a corresponding unitary eigenvector, i.e.
||uh|| = 1 and ∆huh = δ(k)h uh.
Now, uh is orthogonal to ker∆h, hence, thanks to (47), uh is also orthogonal to ker∆ for every
0 < h < h0(k). Consequently, 〈〈∆uh, uh〉〉 ≥ δk ||uh||2 = δk, where δk > 0 is the smallest positive
eigenvalue of ∆ : C∞k (X, C) −→ C∞k (X, C).
Using this and Corollary 6.3, we get
δ
(k)
h = 〈〈∆huh, uh〉〉 ≥ h2 〈〈∆uh, uh〉〉 ≥ δkh2 for all 0 < h < h0(k).
In particular, limh→0(δ
(k)
h /h
4) = +∞.
As in the proof of Proposition 5.3, this and Theorem 1.3 imply that dimEk2 = bk for the degree
k ∈ {1, . . . , n} that was arbitrarily fixed in the beginning. By the duality statement of Proposition
5.1, this also yields dimE2n−k2 = bk = b2n−k. Since this holds for all k ∈ {1, . . . , n}, the Fro¨licher
spectral sequence of X degenerates at E2. 
7 Appendix: Comparison of Laplacians when the metric is
SKT
In this section, we come within an ε (= Ch2) of solving Conjecture 1.1 as an application of Theorem
1.3 and of a comparison of the Laplacians ∆′ and ∆′′ defined by an arbitrary SKT metric ω supposed
to exist on a given compact complex manifold X . Recall that an SKT metric ω is a C∞ positive
definite (1, 1)-form ω such that ∂∂¯ω = 0 on X .
Lemma 7.1. Let X be a compact complex manifold on which an SKT metric ω exists.
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(i) The usual ∂- and ∂¯-Laplacians∆′ = [∂, ∂⋆] and ∆′′ = [∂¯, ∂¯⋆] induced by ω satisfy the following
inequalities on differential forms of all bidegrees:
(1 + δ)∆′′ +
(
1 +
1
δ
)
[τ¯ , τ¯ ⋆] ≥ ∆′ ≥ 1
1 + δ
∆′′ − 1
δ
[τ, τ ⋆], for all δ > 0, (48)
where τ = τω := [Λω, ∂ω ∧ ·] is the torsion operator of type (1, 0) and τ¯ ⋆ is the formal adjoint w.r.t.
the L2ω-inner product of its complex conjugate.
(ii) The following inequality also holds:
∆′′ ≥ h∆′ +
(
hXω − h
1− h [τ¯ , τ¯
⋆]
)
, for all 0 < h < 1, (49)
where Xω := [∂ω ∧ ·, (∂ω ∧ ·)⋆]. Implicitly, we have
∆h − h∆ ≥ h
(
(1− h)Xω − [τ¯ , τ¯ ⋆]
)
, for all 0 < h < 1. (50)
Since Xω and [τ¯ , τ¯
⋆] are zero-th order operators, they are bounded, so (50) implies the existence of
a constant C > 0 independent of h such that
∆h − h∆ ≥ −Ch, for all 0 < h < 1. (51)
Proof. (i) Demailly’s formula (cf. [Dem84] or [Dem97, VII, §.1]) of the Bochner-Kodaira-Nakano
type for arbitrary Hermitian metrics ω reads
∆′ = ∆′′τ¯ −Xω + [Λω, [Λω,
i
2
∂∂¯ω]],
where ∆′′τ¯ := [∂¯ + τ¯ , (∂¯ + τ¯ )
⋆] and Xω := [∂¯ω ∧ ·, (∂¯ω ∧ ·)⋆]. The last term on the r.h.s. above
vanishes if ω is SKT, so we get
∆′′ + ([∂¯, τ¯ ⋆] + [τ¯ , ∂¯⋆]) + [τ¯ , τ¯ ⋆] = ∆′ +Xω if ∂∂¯ω = 0. (52)
Now, the signless terms can be easily estimated using the elementary inequality 2|ab| ≤ δa2 +
(1/δ) b2 for arbitrary a, b ∈ C and δ > 0. For every differential form u of any degree, we get:
|〈〈[∂¯, τ¯ ⋆] u, u〉〉+ 〈〈[τ¯ , ∂¯⋆] u, u〉〉| = |2Re 〈〈∂¯u, τ¯u〉〉+ 2Re 〈〈∂¯⋆u, τ¯ ⋆u〉〉|
≤ 2 |〈〈∂¯u, τ¯u〉〉|+ 2 |〈〈∂¯⋆u, τ¯ ⋆u〉〉| ≤ δ ||∂¯u||2 + 1
δ
||τ¯u||2 + δ ||∂¯⋆u||2 + 1
δ
||τ¯ ⋆u||2
= δ 〈〈∆′′u, u〉〉+ 1
δ
〈〈[τ¯ , τ¯ ⋆] u, u〉〉.
Together with (52), this implies that (1 + δ)∆′′ + (1 + 1/δ) [τ¯ , τ¯ ⋆] ≥ ∆′ +Xω if ω is SKT. This is
essentially an upper estimate for ∆′ whose conjugate yields a lower estimate for ∆′ = ∆′′. Putting
these upper and lower estimates together, we get
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(1 + δ)∆′′ +
(
1 +
1
δ
)
[τ¯ , τ¯ ⋆]−Xω ≥ ∆′ ≥ 1
1 + δ
∆′′ +
1
1 + δ
Xω − 1
δ
[τ, τ ⋆], (53)
for all δ > 0. Since Xω and Xω are non-negative operators, ignoring them weakens these inequalities
to (48).
(ii) After dividing by 1 + δ, the l.h.s. inequality in (53) translates to
∆′′ ≥ 1
1 + δ
∆′ +
1
1 + δ
Xω − 1
δ
[τ¯ , τ¯ ⋆].
This is precisely (49) if we put h := 1
1+δ
∈ (0, 1) since in this case δ = 1−h
h
.
To get (50) from (49), it suffices to notice that ∆h − h∆ = h(h − 1)∆′ + (1 − h)∆′′ = (1 −
h) (∆′′ − h∆′). 
We now observe an analogue of inequality (50) for ∆h − h2∆.
Lemma 7.2. Let X be a compact complex manifold on which an SKT metric ω exists. The
following inequalities of operators hold:
∆h − h2∆ ≥ h2
(
(1− h)Xω − [τ¯ , τ¯ ⋆]
)
≥ −Ch2, for all 0 < h < 1, (54)
where Xω := [∂¯ω ∧ ·, (∂¯ω ∧ ·)⋆] and C ≥ 0 is a constant independent of h.
Proof. Since ∆h = h
2∆′ +∆′′ + hA and ∆ = ∆′ +∆′′ + A, where A := [∂, ∂¯⋆] + [∂¯, ∂⋆], we get
∆h − h2∆ = (1− h) ((1 + h)∆′′ + hA).
On the other hand, the signless operator A can be estimated in the same way as a similar operator
was estimated in the proof of Lemma 7.1. We get 〈〈Au, u〉〉 = 2Re 〈〈∂u, ∂¯u〉〉 + 2Re 〈〈∂⋆u, ∂¯⋆u〉〉,
hence
h |〈〈Au, u〉〉| ≤ h2 ||∂u||2 + ||∂¯u||2 + h2 ||∂⋆u||2 + ||∂¯⋆u||2 = h2 〈〈∆′u, u〉〉+ 〈〈∆′′u, u〉〉
for any form u. Consequently, (1 + h)∆′′ + hA ≥ h∆′′ − h2∆′ as operators, so we get
∆h − h2∆ ≥ h(1− h) (∆′′ − h∆′).
(Note that we can also write |〈〈Au, u〉〉| ≤ 〈〈∆′u, u〉〉 + 〈〈∆′′u, u〉〉 and we get ∆h − h2∆ = (1 −
h) ((1 + h)∆′′ + hA) ≥ (1− h) (∆′′ − h∆′) for every form u.)
Meanwhile, from (49) we know that (1 − h) (∆′′ − h∆′) ≥ h
(
(1 − h)Xω − [τ¯ , τ¯ ⋆]
)
for all
0 < h < 1. Together with the last inequality, this proves the first inequality in (54).
The second inequality in (54) follows at once from the first since Xω ≥ 0 and the non-negative
operator [τ¯ , τ¯ ⋆] is of order zero, hence bounded, so we can choose C := sup||u||=1〈〈[τ¯ , τ¯ ⋆]u, u〉〉 < +∞.
(Using the alternative lower estimate ∆h−h2∆ ≥ (1−h) (∆′′−h∆′) noticed above, the inequalities
in (54) get replaced by ∆h − h2∆ ≥ h ((1− h)Xω − [τ¯ , τ¯ ⋆]) ≥ −Ch.)
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If the lower bound −Ch2 in (54) could be improved to 0, then we would have ∆h ≥ h2∆ for all
0 < h ≪ 1 (as in Corollary 6.3) and Conjecture 1.1 would follow by the argument spelt out at the
end of section §.6.
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